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Outline

This book gives an introduction to the underlying mathematics used in the field of computational
fluid dynamics. After presenting the mathematic aspects, all conservation equations are derived
using a finite volume element, dV. In the beginning, the derivation of the mass and momentum
equation is described. Subsequently, all kinds of the energy equation are discussed and presented,
namely the kinetic energy, internal energy, total energy, and the enthalpy equation. Based on
the nature of the equations, the general governing equation is introduced afterward, and it is
demonstrated how to use the general conservation equation in order to derive other ones.

The subsequent chapters discuss the definition of the shear-rate tensor 7 for Newtonian fluids.
After that, a discussion between the analogy of the Cauchy stress tensor o, the shear-rate tensor
7 and the pressure p is given. All equations are summed up with a one page summary at the end.

Based on the fact that engineering applications are mostly turbulent, the Reynolds-Averaging
methods are presented and explained. Subsequently, the incompressible equations are derived,
and finally, the closure problem is discussed in detail. Here, the Reynolds-Stress equation — which
is fully derived in the appendix — and the analogy to the Cauchy stress tensor is shown. To close
the subject of turbulent flows, the eddy-viscosity theory is introduced, and the equation for the
turbulent kinetic energy k and dissipation € are deducted. The topic ends with a brief description
of the derivation for the compressible Navier-Stokes-Equations equations and its difficulties and
validity.

The last chapters of the book are related to the detailed explanation of the implementation of
the shear-rate tensor calculation in OpenFOAM®. During the investigation into the C++ code,
the mathematical equations are given, and a few words about the numerical stabilization is said.

Finally, a more general discussion of the different pressure-momentum coupling algorithms is
given. Subsequently, the PIMPLE-algorithm is explained while considering an OpenFOAM® case.

The last chapter is related to OpenFOAM® beginners who are seeking for tutorials and some

other useful information and websites.
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Chapter 1

Basic Mathematics

In the field of computational fluid dynamics, the essential point is to understand the equations
and mathematics. This knowledge is required if one is going to implement, reorder or manipulate
equations within a defined software or toolbox. There are many ways to represent equations,
and thus a brief collection of essential mathematics are given in this chapter. The beauty of
mathematics is also described in Jasak [1996], Dantzig and Rappaz [2009], Greenshields [2015]
and Moukalled et al. [2015] and other well-known literature.

In the field of numerical simulations, we are dealing with tensors T" of rank n. A tensor
stands for any field. A field can represent a scalar, a vector or the well known tensor that represents
a matrix (normally a 3 by 3 matrix in the field of computational fluid dynamics while using the
finite volume method). This tensor is of rank two. To keep things clear, we use the following

definition which is similar to Greenshields [2015]:

Zero rank tensor T := scalar a
First rank tensor T := vector a
Second rank tensor T? := tensor T (commonly a 3x3 matrix)

Third rank tensor T° := tensor Tijk

If the rank of a tensor is larger than zero, the tensor is always written in bold symbols/letters.
Tensors which have a rank larger than two are not needed in most of the equations presented in

this book. The only exception is the derivation of the Reynolds-Stress equation.

1.1 Basic Rules of Derivatives

The governing conservation equations in fluid dynamics are partial differential equations. Due to
that aspect, a summary of the rules that are needed to manipulate and analyze the equations is
presented now.

Considering the sum of two quantities ¢ and x that are derived according to 7, the derivative

can be split as follows:

or T ar o

If we have the derivative of the product of the two quantities, it is possible to use the product

ANo+x) _ 96 Ox 1)
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rule to split the term. In other words, we have to keep one quantity constant while deriving the

other one:

0 0 0
ox _ 9% | ,OX

ar  Xor or (1.2)
The product rule still holds, if more than two quantities are multiplied such as:
Ipx¢ _ _9¢¢C | OxC | LOdx
ar  Xor +¢8T +C8T (1.3)

A constant quantity C' can be taken inside or outside of a derivative without any constrain:

0C ¢x :C%
or or

(1.4)

1.2 Einsteins Summation Convention

For vector and tensor equations there are several options of notations. The longest but clearest
notation is the Cartesian one. This notation can be abbreviated — if the equation contains several
similar terms which are summed up — by applying the Einsteins summation convention. Assuming
the sum of the following derivatives of the arbitrary variable ¢; (such as the mass conservation)

in x, y and z direction, the Cartesian form is written as:

6. | 6y | 0=

8x+8y+82

To simplify this equation, the Einsteins summation convention can be applied. Commonly, the

summation sign Y is neglected to keep things clear:

0p; _ O¢; .
zi: 92, — Om, i=x,Y,% . (1.5)

A more complex example that demonstrates the advantage of the Einsteins summation convention
is the convective term of the momentum equation (it is not necessary to know the meaning of this
terms right now). Due to the fact that the momentum is a vector quantity, the three single terms

of each direction are given as:
Quguz  Ouyu Ju u
y Uz zUgx
+ +

Ox Oy oz

Uz Uy " OUy Uy " Ouz Uy

Ox Ay 0z

Ouz U + Ouyu; n ou,u,
Ox Oy 0z

Applying the Einsteins convention, the nine terms can be represented as follow:

- i:x7yaz;j:xayaz' (16)

Z 8uiuj o auiuj

The Einsteins summation convention is widely used in literature. Hence, it is essential to know

the meaning and how it is applied.
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1.3 General Tensor Mathematics

A common and easy way to deal with equations is to use the vector notation instead of the Ein-
steins summation convention. The vector notation requires knowledge about special mathematics.
Therefore, a brief description of different operations which are applied to scalars, vectors and ten-
sors are given now. For that purpose arbitrary quantities are defined now: a scalar ¢, two vectors

a and b and a tensor T:

QA a bx bl
a=|ay | =1|a2] , b= |=]0]|,
a as b. b3
[(Tow  Toy Tue T T2 Tis
T=|Tye Ty Ty:|=|T21 To2 T3
| Tow Toy  Te: T51 T2 Tss

Depending on the operation of interest, one uses either the numeric indices (1,2, 3) or the space

components (z,y,z). Furthermore, the unit vectors e; and the identity matrix I are defined as

usual:
1 0 0 1 0 O
et=e;,=|[0]|, e2=e,=|1], e3s=e.=|0], I=|0 1 0
0 0 1 0 0 1

Simple Operations

e The multiplication of a scalar ¢ by a vector b results in a vector and is commutative and

associative. This is also valid for the multiplication of a scalar ¢ and a tensor T:

¢b = | ¢b, |, T = |¢Tye ITyy ITy-| - (1.7)
¢bz ¢Tzz ¢sz ¢Tzz

The Inner Product

e The inner product of two vectors a and b produces a scalar ¢ and is commutative. This

operation is indicated by the dot sign e:

3
p=aeb=a"b=> apb;. (1.8)

i=1
e The inner product of a vectors a and a tensor T produces a vector b and is non-commutative
if the tensor is non-symmetric:
3 3 Tiiar + Tizaz + Tizas
b:T.a:ZZTija]‘ei = | To1a1 + Tosas + Thsas | . (1.9)
==t Tsia1 + Ts2a2 + Tssas

3 3 arTin + a2To1 + asTs
b=aeT =T ea= Z Z a;Tjiei = | axTie + aoTos + azTse |, (1‘10)
==t a1Tiz + a2Q>3 + a3133
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A symmetric tensor is given, if T;; = T;; and hence, ae T = T e a.

The Double Inner Product

e The double inner product of two tensors T and S results in a scalar ¢ and is commutative.
It will be indicated by the colon : sign:

3 3
¢p=T:S = Z ZTijSij =T11511 + T12512 + T13513 + 121521

i=1 j=1

+ 152522 + T23523 + 151531 + 132532 + 133533 . (1.11)

The Outer Product

e The outer product of two vectors a and b, also known as the dyadic product, results in a

tensor, is non-commutative and is expressed by the dyadic sign ®:

Azbs azby azb
T=a@b=ab’ = |a,b. ayb, ayb.|. (1.12)
azby  aby  a.b.
In most of the literature we will find that the dyadic sign ® is neglected for brevity as shown
below:
ab . (1.13)

Keep in mind, that both variants are used in literature whereas the last one is more common, but
the first one is mathematically correct. In this book we use the definition of equation (1.12), to

be consistent with the mathematics.

Differential Operators

In vector notation, the spatial derivative of a variable (scalar, vector or tensor) is made using the

Nabla operator V. It contains the three space derivatives of x,y and z in a Cartesian coordinate

system:
9 0
ox dxq
_ | o | _ )
V= oy - Oxo
9 9
Oz Oz

Gradient Operator

e The gradient of a scalar ¢ results in a vector a:
o¢
grad¢ = V¢ = g% . (1.14)
9z

e The gradient of a vector b results in a tensor T:
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o) ) )
ax0s  aglv az0=
_ _|@ ) o)
gradb=V®b=|5b.  z.b, 7.b-|- (1.15)
Fbe by b
We see that this operation is the outer product of the Nabla operator (a specific vector) and an

arbitrary vector b. Hence, it is commonly written as:
Vb . (1.16)

In this book, we use the first notation (with the dyadic sign) to be consistent within the mathe-
matics. The gradient operation increases the rank of the tensor by one and hence, we can apply

it to any tensor field.

Divergence Operator

e The divergence of a vector b results in a scalar ¢ and is expressed by the combination of the
Nabla operator and the dot sign, Ve:
_0bi | Oby  Obs

+= (1.17)

3
0
divb=Veb=> b=~
v Ve =1 8:& 61’1 8%2 6563

e The divergence of a tensor T results in a vector b:

oT11 9To1 9T3,
3 3 ox + oz + ox
Pl 1 2 3
i — — o — | 9T12 9Ta2 9T32
divT=VeT=) > or e = |5+ et | (1.18)
i=1j5=1 7 T3 + 0Tys 4 9Tsg
9z RED Oz3

The divergence operation decreases the rank of the tensor by one. Hence, it does not make sense
to apply this operator on a scalar.
The Product Rule within the Divergence Operator

If we have a product within a divergence term, we can split the term using the product rule. Based
on the tensor ranks inside the divergence, we have to apply different rules, which are presented

now.

e The divergence of the product of a vector a and a scalar ¢ can be split as follows and results

in a scalar:
Ve(ap)= aeV¢p + ¢pVea . (1.19)
Eqgn. (1.8) simple multiplication

e The divergence of the outer product (dyadic product) of two vectors a and b can be split as

follows and results in a vector:
Ve(a®b)=aeV®b+ bVea . (1.20)
—_—
Egn. (1.10) Eqgn. (1.7)

e The divergence of the inner product of a tensor T and a vector b can be split as follows and

results in a scalar:
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Ve(Teb)=T: V@b+beVeT . (1.21)

—_——— N——

Eqgn. (1.11) Eqgn. (1.8)
If one thinks that the product rule for the inner product of two vectors is missing, think about the
result of the inner product of the two vectors and which tensor rank the result will have. After

that, ask yourself how the divergence operator will change the rank.

1.3.1 The Total Derivative

The definition of the total derivative of an arbitrary quantity ¢ — in the field of fluid dynamics —
is defined as: - 5
jzﬁ-&— UeVep (1.22)
Dt ot ——
inner product
where U represents the velocity vector. The last term in equation (1.22) denotes the inner prod-
uct. Depending on the quantity ¢ (scalar, vector, tensor, and so on), the correct mathematical

expression for the second term on the right hand side (RHS) has to be applied. Example given:

o If ¢ is a scalar, we have to use equation (1.8),

e If ¢ is a vector, we have to use equation (1.10).

Short Outline for the Total Derivative

The total derivative is used to represent non-conserved equations. In other words, each conserved
equation can be changed into a non-conserved formulation using the continuity equation. In
literature people start to derive equations using the total derivative and using the continuity
equation to extend the non-conservative formulated equation to the conserved one. Personally,
the better way would be to derive the conserved equation first and using the continuity equation
afterwards to get the non-conserved form. Why? For me it was easier to understand.

The difference between both equations is the frame of reference. In the conserved representa-
tion, we have the Euler expression, for non-conserved equations it is the Lagrange expression.

If you have literature that start with the non-conserved form of the equations, the following
section should help to understand the following extension (at the moment it is not necessary to

understand this equations):

e Incompressible:

D 0

D—fza—f+u.v¢ +¢ (Ve(U)) |. (1.23)

N———

non—conserved continuity = 0

e Compressible:
Do _ [96 o
th—p{at-i-UOVgZ)] +¢<6t+Vo(pU) . (1.24)
—_——— | ———
non—conserved continuity = 0

The reason for multiply the continuity equation (second term on the right-hand side) by the quan-
tity ¢ comes from the product rule, that is applied to the convective term. After the momentum
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equation is derived and the conservative form is transformed into the non-conserved one, this

statement will get clear.

1.3.2 Matrix Algebra, Deviatoric and Hydrostatic Part

In the field of numerical simulations we are dealing with quantities that are represented by matrices
like the stress tensor. Therefore, some basic mathematical expressions and manipulations are
introduced now.

Each matrix A can be split into a deviatoric A% and hydrostatic A™? part:
A =AM L Al (1.25)

The hydrostatic part of the matrix can be expressed as scalar or matrix and is defined by using

the trace operator. If one wants to calculate the scalar, we use the following definition:

n

Al %tr(A) _ éZ(aﬁ) , (1.26)

i=1

The operator tr denotes the trace operator and is applied on the matrix. This operator simply
sums up the diagonal elements. However, the correct mathematical expression for the hydrostatic

part of the matrix A is given by:
Al — govap _ 1 tr(A)I = 1 > (aw)T. (1.27)
3 3 ¢

The deviatoric part A is given as:

A=A - A=A %tr(A)I : (1.28)

Note: The deviatoric part of a matrix is traceless. Hence, tr(A%®Y) = 0; Keep in mind: The trace

operator is zero not the diagonal elements.

1.3.3 The Gauss Theorem

In order to transform an equation from the differential to the integral form (or vice versa), it is
necessary to know the Gauss theorem. This theorem allows us to establish a relationship between
the fluxes through the surface of an arbitrary volume element and the divergence operator on the

volume element:

j{a-ndSz /(Voa)dV. (1.29)

In equation (1.29), n represents the surface normal vector pointing outwards, dS the integration
with respect to the surface and dV the integration with respect to the volume.

Note: The small dot - denotes the inner product of two vectors (1.8). In the following book, we
use the small dot in all integrals to sign that we calculate the inner product of a vector a and the
surface normal vector n. Keep in mind that the small dot expresses exact the same mathematical

expression as the bullet.
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Chapter 2

Derivations of the Governing Equations

The following chapter discusses the derivation of the continuity, momentum, total energy, me-
chanical (kinetic) energy, thermo (internal) energy and enthalpy equation by using a small volume
element dV. The equations are derived completely while using the Cartesian coordinate system.
A summary of all discussed equations is given on page 43. The structure of this chapter is (mainly)

as follows:

e Express the phenomena that act on the volume element using finite differences,
e Transform the finite difference equation to a partial differential equation,
e Manipulate the equation to get the conserved Cartesian formulation,

e Transform the Cartesian into the vector notation,

Perform a proof to demonstrate that the vector notation results in the Cartesian form,

e Transform the equation into the integral and non-conserved form.

The primary references that were used in this chapter are Bird et al. [1960], Versteeg and
Malalasekera [1995], Jasak [1996], Ferziger and Perié [2008], Dantzig and Rappaz [2009], Schwarze
[2013], Greenshields [2015] and Moukalled et al. [2015].

2.1 The Continuity Equation

In the following section the derivation of the continuity equation is presented. The equation itself
describes the mass balance of an arbitrary volume element dV'.

Consider the mass flow through a small control volume element dV, c.f. figure 2.1, while
using the constrain that mass is not transformed into energy or vice versa, a mass balance has to
be fulfilled for the volume element. That means, that the mass flow that enters and leaves the
volume element through its surfaces has to be equal if the mass inside the control volume does not
change by means of compression or expansion — this is also named as rate of mass accumulation.

Considering a small control volume dV, we can say:

[rate of mass:| _ [ rate of mass ] [ rate of mass ] (2.1)

accumulation entering the volume leaving the volume
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To keep clearance, we will now focus on figure 2.1. It is obvious that the quantity mass is trans-
ported through the surface by the velocity. This transport phenomenon is called convection or
sometimes named advection. In literature we can find the different meaning of convection and

advection as follows:

e Advection: Transport of mass, momentum, energy, etc. based on the fluid flow (flux) without

diffusion effects.

e Convection: Transport of any property based on fluxes and diffusion.

However, personally I heard that convection and advection represents always the transport of
the quantity of interest based on the fluxes, while the nomenclature of convection always if we
are talking about the momentum equation (e.g. the source of fluxes) while other quantities are
advected with the fluxes.

The transport of mass happens in all three space directions = (uz), y (uy) and z (u,). Addition-
ally, mass can change inside the control element dV which is related to compression or expansion
phenomenon. Thus, the density of the fluid inside the volume must change.

Analysing figure 2.1 in more detail, we observe that the velocity vectors are aligned normal to
the surface faces. The rate of mass that enters or leaves the volume element through the surface
is called mass flux and is simply the density multiplied by the velocity with respect to the face
area.

For the derivation of the mass conservation equation we have to build the balance of the
surface fluxes at all faces of the control volume dV. In other words, everything that is going inside
has to go out, if we assume that there is no mass accumulation inside the volume (assumption:
incompressible). The single terms that describe the fluxes at the surfaces are given on the right
side in figure 2.1.

Considering a compressible fluid, the rate of mass change inside the control volume dV is
related to the density p and will only decrease or increase with respect to the time. It is worth to

mention that the quantity is defined to be mass per unit volume. Therefore, we can write the

Mass inside x : (pug)|, AyAz

Mass outside x : (pum)|T+AT AyAz

Ax
D >
Mass inside y : (puy)|, AzAz
Az
: . Mass outside y : (puy)\y+Ay AzAz
Yz | o : ) u""‘az«#Aw
> edV
I
: /! Mass inside z : (puz)|, AzAy
[ | Sk
s x
Y 4 7 Ay Mass outside z : (pu AzAy
z A z,/ ( z)‘Z+AZ

Figure 2.1: Mass balance in a small volume element dV.
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rate of change of the density as:

Time Accumulation = Ar . (2.2)

At

Rewriting equation (2.1) by using the mathematical expressions given in figure 2.1 and equation
(2.2), it follows:

A
L AzAyAz = ((pus)l, — (pua)|

At AyAz

etac)
+ ((puy)l, — (P“y)|y+Ay) AzAz
+ ((pu2)]. = (puz)]..a.) AzAy . (2.3)

Dividing the equation by the volume AV = AzxAyAz, we end up with the following;:

Ap (pus)l, = (pua), s,

At Az
n (Puy)|y - (Puy)|y+Ay
Ay
(puz)l. — (puz)l|. s
reE . 2.4
+ s (2.4)
Introducing the assumption of an infinitesimal small volume element — which means that we

decrease the distance between the corners of the volume and therefore, A goes to the limit to

become zero:

. 0
Ae T AM A T A @5)
and also an infinitesimally small time range:
A . A 0
A AN T e (26)

we can transform the finite difference equation to a partial differential equation. For that, we have
to apply equation (2.5) and (2.6) to (2.4). It follows:

(puz). —A(zux)|z+m _ —AA(ﬁ;Ux) _a%(p“”) 7 (2.7)
(puy)l, *A(Suy)lywy _ —AA(ZUy) _a%(pu”) 7 (2.8)
(puz)|. fA(Zuz)\HAz _ _AA(ZUZ) 7%@“2) , (2.9)

% o % 7 (2.10)

and therefore, the general mass conservation (continuity) equation is given by:

O (gt + plow) + o)) | (2.11)

While using the Nabla-Operator V and the velocity vector U, the equation can be rewritten in
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vector notation:

9p _

7 ==V (pU)|. (2.12)

However, if we focus on incompressible fluids, we can assume that the density is constant and
therefore, the quantity p can be taken out of the derivatives and the whole equation can be divide
by the density p. It is obvious that the time derivative will vanish due to the fact that the density
is a constant. In other words, there is no accumulation of mass during the time in the volume
element. One may also explain it in the following way: If we assume a constant density, there is
no expansion or compression phenomena and therefore, the time derivative become zero. Hence,
only the mass flux that enters and/or leaves the volume element at its surface has to be taken into
account.

For incompressible cases, the density for the fluid is constant and thus we can simplify the

veu=0]. 219

In case of the incompressible mass conservation equation, it is evident that the vector notation

mass conservation equation to:

results in the Cartesian form again. Thus, the transformation is not demonstrated here. If one
wants to recheck it, just use equation (1.17).

Remark: In many cases incompressibility means that there is no expansion and/or compres-
sion phenomena. However, the fluid density can still be temperature depended and therefore, the
quantity is not a constant. In such cases we have to be careful which mass conservation equation
is used in the computational calculation. Either the incompressible or the compressible one. In
general, if the density is not a constant value, we are not allowed to use the simplified mass con-
servation equation (2.13) due to the fact, that non-constant quantities are not allowed to be taken
out of the derivatives. However, if the density change is very small, we can use the incompressible
mass conservation equation with limitations. The reason for that is based on numerics and the

interaction with the momentum conservation equation.

2.1.1 Integral Form of the Conserved Continuity Equation

For the completeness, the integral form of the mass conservation equation will be given now. While
using the Gauss theorem (1.29), we can transform the divergence term (that acts on the volume)
to a surface integral. The accumulation of density in the element is a simple volume integral.
Furthermore, the volume element dV itself does not change its shape with respect to the time
(fixed finite volume - static mesh). Thus, we end up with:

Compressible:

% pdV = — ?{pU -ndS | . (2.14)

Incompressible:

fundszo . (2.15)

The surface integral means nothing more than taking the balance of the fluxes on the surfaces
of the volume element; what is going in and out. Depending on the shape of the volume, we

have to evaluate more or less faces. The integral form of the continuity equation leads to the so
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called finite volume method (FVM). This method is conservative and we can apply this method
to arbitrary volumes such as hexaeder, tetraeder, prisms, wedges and so on. This advantage made
this method popular and flexible. However, it is worth to mention that the shape of the volumes

influences the numerical stability and the calculation precision in general.

OpenFOAM®

In OpenFOAM® we are using the equations (integral one) above to calculate the fluxes at the
faces of each numerical cell. The flux field is named phi and is created by including one of the

two header files in each solver:

e createPhi.H

e compressibleCreatePhi.H

Due to the fact that we store the density and the velocity at the cell center, we need to in-
terpolate these values to the face centers. This calculation is done by calling the function
interpolate(rho*U) & mesh.Sf(). As we can see, this will simply calculate the product of the
density and the velocity vector at each cell center and interpolate the result to the face center by
including the corresponding neighbor cell information. To get the fluxes, the known face values
are then multiplied by the magnitude of the surface normal vector (S£()). The calculation is an

inner product operation of two vectors which is denoted by the ampersand sign & in OpenFOAM®.

2.1.2 Continuity Equation and the Total Derivative

In the first chapter, while introducing basic mathematical operation, we already mentioned the
total derivative. After knowing the continuity equation, we can investigate into it in more detail.
Using the total derivative formulation (1.22), we are able to rewrite the continuity equation

(2.12) by applying the product rule (1.19) to the divergence term:
Ve(pU)=UeVp+pVeU. (2.16)

Substituting this expression into equation (2.12), we get:

%:—Uon—pVoU. (2.17)
Finally, we put all terms to the LHS:

Op

o7 TUeVp+pVeU=0. (2.18)

—_——

Total derivative

I he IeSult I.S:

This equation is not common but could be found in Anderson [1995].
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2.2 The Conserved Momentum Equation

The following section discusses the derivation of the momentum equation which is also called
Navier-Stokes equation.

The derivation of the conserved momentum equation is similar to the continuity equation.
Again, we will use the volume element dV. The main difference in the momentum equation
compared to the mass conservation equation is as follows: The quantity of the momentum is
a vector and not a scalar. Thus, the momentum is not only transported/advected via the flux
through the surfaces of the volume element. Generally, we are allowed to define the momentum

transport and its change inside the volume dV as follow:

rate of rate of
rate of sum of forces
momentum momentum
momentum | = . - . + | that act on | . (2.20)
. entering the leaving the
accumulation the volume
volume volume

Figure 2.2 shows the volume element as given in figure 2.1 but now including another transport
phenomenon that acts on the surfaces (only the = direction is sketched). This transport of the mo-
mentum is based on molecular effects. The molecular transport acts always normal and tangential
to the surface and is an outcome or property of the vector quantity.

Other phenomena that change the momentum inside the volume are given as a sum of forces.
For example, we could have the gravitational acceleration and the pressure force acting on the
volume.

On the right side of figure 2.2, the terms that transport the z-component of the momentum

through the surfaces by the molecular transport effect are given.

sz‘z+Az into face |y @ Tgal, AyAz
&",,,,é‘—f,,,y" out of face |4 : T’”-"clx+AszAz
Az
T
: Ty1|y+Ay into face |y : ‘rym|yA.'zAz
Teal I Teelop A
oyl 1 g .
i out of face |4 : Ty1|y+Ay AzAz
I
1 Tyaly
[
7/ .
Y A > Ay into face |, : Tiz|,AxzAy
s
T2
elz out of face |, : sz\z+AzAsz

Figure 2.2: Molecular transport of the momentum in z-direction in an arbitrary small volume
element dV.
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Convection of the Momentum in z-Direction

The x-component of the momentum is transported by convection into the volume element through
all six faces. Therefore, the convection of the momentum can be derived similarly to the convective
transport of the mass. However, now we have to take care of the vector quantity. Thus, the
momentum in the z-direction enters the volume at the face |, and leaves the volume through
the face |, ,,; identical to the continuity equation. Nevertheless, it is also possible that the x-
component of the momentum is transported through the faces in y- and z-direction (molecular
transport). Hence, we can write the transport of the momentum due to convection; it is merely
the velocity in z-direction multiplied by the flux through the face we are looking at (Newton’s

second law):

into face |, : (puz)uzl,
out of face |, A, : (PUz)Uz|,in, >
into face |, : (puy)uazl,
out of face |, o, :  (Puy)ual,in,
into face |, : (puz)uzl, ,
out of face |, A, :  (puz)uz|, 4. -

After combining the terms and using the face areas, we get:

((pua)ual, — (puc)tal, ;a,) AyAz
+ ((Puy)uw‘y - (Puy)ux|y+Ay) AzAz
+ ((puz)uz|. — (puz)ue| A, ) AzAy .

Molecular Transport of the Momentum in z-Direction

Additionally, the z-component of the momentum is transported due to the molecular effects as
demonstrated in figure 2.2. The effect is based on velocity differences (velocity gradients). As we
can see in figure 2.2, different terms occur which include either the normal component 7, or the
tangential component 7y, or 7.,. Therefore, the molecular transport of the z-momentum through

the surfaces can be written as:

(Toels = Toaluynn) AyAz
+ (Tyl‘y - Tyz|y+Ay) Az Az
+ (szlz - sz|Z+Az) A%’Ay .

These terms represent additional fluxes of momentum through the surface. We consider these
fluxes as stresses. 7., denotes the stress perpendicular to the direction we are looking at (here
face |, and face |,, ,,) and Ty, Tz» denote the z-directed tangential stresses which act on the
faces with respect to the indices. All these stresses are known as shear stresses since they are

generated concerning velocity gradients that introduce shearing.
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Additional Forces that Influence the Momentum

In most scientific and engineering tasks, the only essential forces that influence the momentum
are the pressure and gravity force. The pressure force acts on the surface of the volume element
while the gravitational force acts on the volume directly. Hence, we can derive the change of the

z-momentum based on the pressure and gravitational force:
(Pl. = Plora.) DyAz + pgrAzAyAz .

Conserved Momentum Equation

After we have all terms — neglecting other influences such as surface tension and so on —, the
equation (2.20) can be reconstructed with the corresponding mathematical expressions derived
above. Of course, the accumulation of the momentum inside an arbitrary volume element is given
by:

AAt pus AzAyAz .

Thus, for the momentum in z-direction we can write:

% puz AxAyAz =

(Pt ttz|, — (pUa)tial, s a, ) AyAz
(puy)uzl, — (puy)uzl,, o, ) AzAz

(puz)uz]. = (pus)tal., 5.) AzAy

Taal, = Tasl,ar) Aydz

Tyely = Tyzl,oa, ) ATAZ

Tewl. — Taal.pn. ) ATAy

+ (Plo = Playa.) AyAz

+pge AxzAyAz . (2.21)

Now, by dividing the whole equation by the volume dV, it follows:

A (pue)tal, — (pue)Ual,y s, n (puy)ua|, — (puy)ual,, A,
N Az Ay
(puz)uz|, — (Puz)ux|z+Az n Towl, — Txx|z+Az n Tyz‘y - Tyr|y+Ay
Az Az Ay
Tea|. — Tzw|z+Az p|m _p|T+AT
- = . 2.22
+ A + s + pg (2.22)

Finally, we use the assumption of an infinitesimally small volume element (2.5) and time range
(2.6) to rewrite the z-component of the momentum equation. The z-component of the momentum

is then written as:

2u—fgourgouréuu
gtPte = 7 g Piatis T gy Pllvtle T 5 PUsta
(2.23)

O N/
0z " T oy e T g | T gy T PIe
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The other two space components are derived identically to the z-component. Thus, only the final

formulation is given. For the y-component of the momentum, we get:

gu——guu—kguu—l—guu
Btp y = ampxy ay/’yy azpzy
, (2.24)
(D L0 L0\ b,
Oz =Y By v 5, T Ay Py
and for the z-component we achieve:
QU*—Euu—i—guu—i—guu
atPts T T \ g Plets T gy Pt T g U
(2.25)
I N U
oz ™ oy Yt 0z 77 9z P

Introducing the gravitational acceleration vector g, the gradient of the pressure Vp and the shear-

rate tensor 7 that are defined as:

o
£ Tex sz Txz gz
_ dp _ _
Vp = oy | T = | Ty Tyy Tyz | » =19y |-
]
52 Tew  Tzy  Tzz g-

we can write the conserved momentum equation in vector form:

%pU=7VO(pU®U)7VOT7Vp+pg . (2.26)

Note, that the negative sign of the shear-rate tensor will change, if we introduce the definition of

the shear-rate tensor 7 later on.

2.2.1 The Proof of the Transformation

The following section will investigate into the proof that equation (2.26) results in (2.23), (2.24)
and (2.25). For clearance, we will focus on each term separately. Starting with the first term, the

time derivative, we get:

2 pus 2 pus of 2 — momentum

9 !

apU = %p“y = %puy of y — momentum . (2.27)
ot PUz £2pu. of z— momentum

As we see, the time derivative term results in the same three terms that we have in the Cartesian
formulation. The second term embraces the transport of momentum due to convection by the flux
pU. To evaluate the term, we need the mathematics (1.12) and (1.18):

Uz Uy Uy Uy Ug Uy Uz Uz
—Ve(pURU)=-Vesp|lu, | ®|uy =-Velpluus uUyly Uyu

Uy Uz Uz Uy  UzUy — UzUz
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PUzle  PUzly — PUzls PUcle  PUzly  PUzl
® | PUylUz  PUyly  PUyUz

PUzUz  PUUy  PUU

=—Ve |puyus puyuy puyus| =—

o &lo glo

PU Uy PUZUy  PU U |

Y

- ) o) )
2 o) a — | & puzuz + Z puyu == PUU
B Plalle + 5. pUyUs + 52 PUzUs oz Pliala + 5, Pliylc + 52 pUz I)
— _ e} Uy Uy - o] Uy Uy - 9 U = é] + 9 + 9
= oz PUally T 7, PUyUy T 72 PUUy | = D PUaUy T 3 PUyUy T 77 PUzUy

2] ] 2]
Bz PUzUz + 5, PlUyUz + 52 PUUz | _

|
A~ O

o o] a
Bz PUzUz + 5, PUyUz + gpuzuz)

Again, we can see that the terms are equal and we end up with the same set of equations. Now
we investigate into the third term that describes shearing due to the gradients of the velocities.

Using the convention (1.18) for the shear-rate tensor T, we get:

Txa Txy Tz
~Ver=-Ve lr, Ty Ty|=

Tzx Tzy Tzz

) ) )
o) ) o) — | = Tez + = = f £ momentum
Bz Tee T gy Tye T 5z Tea (E’ZT’“‘ T oyTust 327”) of @ momentu
) ) ) 2 ) ) o)
— | aaTev + 5yTuw T 55T | = § — (%sz + 5y Tvy T 572y> of y momentum
) ) E)
guTez + 5yTyz + 55722 _ (a%Twz + %Tyz + %Tzz) of z momentum

At last the pressure and gravitational acceleration term are analyzed. For the pressure term we
need the definition of equation (1.14) and for the gravitational term equation (1.7). It follows:

0 op —g—p of £ momentum
Ox oz , z
~Vp=—|Z |p=- g—‘y’ = —g—;’ of y momentum
2 9p )
oz 9z —22 of z momentum
Ja 09z pge of x momentum
!

pg=r|gy | = |pgy | = {pgy of y momentum

9= PGz pg- of z momentum

As we proofed now, the vector form ends up in the Cartesian form.

If we want to solve this equation now, it is necessary to know the shear-rate tensor 7. We
are going to investigate into that quantity in chapter 5. Further representations of the momen-
tum equation can be found in chapter 8. The implementation of the momentum equation in
OpenFOAM® will be discussed in chapter 10; especially the treatment of the diffusion term. Keep
in mind that equation (2.26) includes only the gravitational acceleration and pressure force. If
there are further phenomena (forces) influencing the momentum equation, these terms have to be

taken into account.
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2.2.2 Integral Form of the Conserved Momentum Equation

The integral form of the momentum equation (2.26) can be obtained by using the Gauss theorem
(1.29). It follows:

%/pUdV:—%(pU@U)-ndS—}{’r-ndS—}{andS—F/png . (2.28)

2.2.3 Non-Conserved Momentum Equation

We can manipulate the conserved momentum equation with the continuity equation (2.12). Hence,
we get the non-conservative form. For that, we first consider equation (2.26) and split the time

and convection term by using the product rule. The time derivative becomes:

0 0 0
—=pU=p-U+U_ 2.29
5PV =r5U+Ugp, (2.29)
and the convection term can be rewritten using equation (1.20). It follows:
\Y% UU)=pUeVxU+UV U) . 2.30
*(p )=pUe * (pU) (2.30)
gradient divergence

————
inner product
Replacing these terms into equation (2.26) and put the convection terms to the LHS, we end up
with:

p%U—&-U%p—&-onV@U-{-UWo(pU):... (2.31)

After analyzing the equation, we see that we can take out p and U:

o %U+U-V®U]+UM:... (2.32)

| S —
continuity
It is clear that the second term is zero due to the continuity equation. Applying the definition of

the total derivative (1.22), we can write the non-conservative form of the momentum equation as:

DU

DL = —VerT—Vp+pg (2.33)

Remark: As already mentioned before, the negative sign of the first term on the RHS will vanish

after we introduced the definition of the shear-rate components 7;;.
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2.3 The Conserved Total Energy Equation

This section investigates into the derivation of the total energy equation. The total energy includes
the internal (thermal) and kinetic (mechanical) energy. In general, the change of the total energy

can be described in an arbitrary volume element dV by:

rate of internal | rate of internal rate of internal
and kinetic = | and kinetic energy | — | and kinetic energy
energy accumulation | entering the volume leaving the volume 5 34
net rate of | net rate of net rate of (254
+ | heat addition by | — work done by + | additional
conduction | system on surroundings heat sources

The formally written equation above shows the first law of thermodynamics written for an open
and unsteady system with the extension of additional heat sources which was also stated by Bird
et al. [1960]. The statement is incomplete because no energy can be generated due to nuclear
phenomenon. Furthermore, no radiative energy transport is included.

In the equation above, internal, kinetic and work energy is included, and therefore unsteady
behavior can be captured. The kinetic energy (per unit mass) is given by %p|U|*> where |U]
denotes the magnitude of the local velocity. The internal energy e (per unit mass) can be in-
terpreted as the energy associated with the random translation and internal motion of molecules
plus the energy of interaction between them. Therefore, the internal energy is temperature and

density depended.

The Accumulation of Total Energy during Time

Now we write the above equation explicit for a finite volume element dV. The accumulation in
time is clear (such as in the other equations before):
0 1 2
AacAyAza(pe + §p\U| ). (2.35)

The Convection of Total Energy

To get the net rate of the total energy — that enters and leaves the volume element dV based on
the convection phenomenon —, we have to multiply the internal and kinetic energy by the velocity
respectively to the face it acts on (compare figure 2.1):

1 1
895z [un(pe + gAIOP L = urlpe + 3oIUF v |

[ 1 1
48082 fu(pe + 30PNy — e+ JpIOP e

[ 1 1
+8ay [upe+ JAUP) = (oot GoUP)va] (2.36)

If we take out the density, we see the mass flux; e.g. AyAzugp.
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The Change of Total Energy due to Conduction

21

The next term that influences the energy is based on the conduction phenomenon. For this we

introduce the heat flux vector q, that is used later on:

AYyAz [qzlz — Golz+ax]
+AzrAz [Qy|y - Qy|y+Ay]
+ATAY (2] — gz]24n2] -

The quantities ¢z, ¢y and ¢. are the single components of the heat flux vector q.

The Change of Total Energy due to Work against its Surroundings
The work done by the fluid against its surroundings can be split into two parts:

e The work against the volume forces (like gravity),

e The work against the surface forces (like pressure or viscous forces).
Some recall:

e (Work) = (Force) x (Distance in the direction of the force),

e (Rate of Doing Work) = (Force) x (Velocity in the direction of the force).

(2.37)

Hence, the rate of doing work against the components of the gravitational acceleration can be

written as:

— pAiL‘AyAZ (uzgz + Uy gy + uzgz) )

(2.38)

and the rate of doing work against the pressure p (static pressure) at the faces of the volume

element is:

AyAz [—(pua)|z + (puz)|e+az]
+AzAz [~ (puy)ly + (puy)ly+ay]
+AzAy [—(puz)|: + (puz)|z4az] -

Similarly, the rate of doing work against the viscous forces is:

AyAZ [_(Txxum + TayUy + T;Czuz)|;u + (Txacuac + TayUy + Taczuz)|;c+Ax]
+ATAz [~ (TyaUa + Tyyly + Tyzuz)|y + (Tyala + TyyUy + Ty2uz)|y+ay)

FALAY [ (TaoUa + Tayly + Teztz)|z + (Teale + Toyly + TozUz)|z4a2] -

Additional Heat Source

Additional heat sources or sinks can be taken into account by defining a source term:

Qs = AxAyAzpS .

Here Qs denotes the heat source term. The subscript S stands for Source or Sink.

(2.39)

(2.40)

(2.41)
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Now we have all terms and can rewrite equation (2.22):

0 1 1 1
AzAyAzo(pe+ 5p[U[") = AyAz |ua(pe + 5 p[UP)]e — ua(pe + 5|01 ot ae

1 1
+AzAz |:uy(pe + §P|U‘2)‘y — uy(pe + §p|U‘2)‘y+Ay:|

1 1
+ay fu(pe + 3oIUP) — usloe -+ U v |

+AYAZ [qe]e — Gulotaz] + ATAZ [qyly — Gylyray]
+AzAY [g:]: — ¢z[24a:]

+PATAYAZ (Upge + Uy Gy + U=92)
—AyAz[—(pus)le + (ptiz) |zt aa]

—AzAz [—(puy)ly + (puy)ly+ay]
—AzAy[—(puz)|z + (puz)|z+az]
—AyAz[—(

—AzAz[—(

Toalz + ToyUy + TozUz)|o + (Toale + ToyUy + TorUz)|o+As]
TyaUz + Tyyly + TyzUz)|y + (Tyzta + Tyyty + Tyzuz)|y+ay]
—ATAY [~ (Teale + TeyUy + TozUz)|z + (TzaUa + Tayly + TezUz)|24Az]

+AxAYyAzpS . (2.42)

As before, we divide the equation by the volume dV and use the assumption of expression (2.5).
Please keep in mind, that we have derivatives of (¢|s — @|2+az) that end up with a negative sign

and (¢|e+az — ¢|o) that end up with a positive sign. Therefore, we end up with:

0 1
5 (e + 50[U) =

ot
8 1 2 8 1 2 8 1 2
= 2 [uetoe + 3010P)| = 3% [+ oIUP)] = 2. [utpe-+ ol0P)
0 0 0
“or 9l gy Lol = g el + o (vege - uygy +uzge)
e} 9 0 5}
7% [puI] - aiy [puy} - % [puz] + % [7(7—1‘1“/1 + TzyUy + Tzzuz)]
+ = [ (Tyate + Tyyuy + 7 u)}—‘,—i[—(T Ug + ToylUy + T22Uz))
ay yxrWx yy Yy yz Wz 82 zx Yx zy Yy zzWz
+pS . (2.43)

> Continued on next page <
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After taking out the minus signs and sort the equation, we get the conserved total energy

equation as:

T [N ) [
2o 510 = = { 2 [ustoet 0] + 2 fupe+ oi0)]

+g u(e+1|U\2) i —|—2 +g + p (U Gx + Uygy + uzgz)
92 z(p 2,0 axqz ay‘]y azqz p Uz Gz v9y 29z (240

fgqugqugu fg(7u+7u+7u)
axpz 8ypy 8sz 8$ Uz zy Uy xzUz

+2(TyTux + TyyUy + Tyzuz) + Q(szux + ToyUy + T2zuz) ¢ + pS
oy Y 0z Y

To get a more readable equation, we transform the above derived formulation into the vector

notation. Thus, different terms can be analyzed in more detail. It follows:

0 1 1
2 (pet o0 =V o (pU<e n 5|U|2>) _Veq +p(Ueg)
—_—— ——

convection conduction gravity

(2.45)
—Ve(U) —Ve[reU]  +p8
——
pressure viscous forces heat source

All terms on the RHS denote the inner product of two vectors. Hence, for a implementation into
a software toolbox we need to use equation (1.8) and (1.9).
Remark: Till now we did not investigate into the potential energy. This will not be discussed

here. If one needs information about that, Bird et al. [1960] gives insight into the topic on p. 314.
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2.3.1 The Proof of the Vector Transformation

On the next pages, we will convert the vector form of the total energy equation back into the
Cartesian form. Hence, equation (2.45) will be used and transformed into (2.44). This is done
step by step but not for each term. The terms of interest are the gravity and viscous force term.
To manipulate the gravity term, we need the mathematical formulation of equation (1.8). For the
viscous force term we need equation (1.9) and (1.18).

It follows that the gravity term can be modified as:

Uy gz
!
p(Ueg)=p||uy|e|gy||=r(vags +uygy +u.g:) . (2.46)
Uz gz

The viscous force term can be changed as follows:

Tew Ty  Tez] Uy
Ve [reU] Ve Tys  Tyy Tyz| ® | Uy
Tzx Tzy Tzz Uz
Tezlz + ToyUy + Tzzuz_ a% Tealz + ToyUy + TozUz
= -V o |Tyotug + Tyyly + Tyzuz | = — % ® | TyolUy + Tyyly + TyzUz
Taalle + ToylUy + TozUs | 2 Tealle + Toyly + Tezls
! 9] 0
= - {8735 (TozUz + ToyUy + Tozuz) + a— (TyzUz + TyylUy + Ty-uz)

0
3, (Teata + TaylUy + Tzzuz)} . (247

As the transformation showed us, the terms are equal. The other terms that are not discussed
above are similar to the momentum equation, and it is easy to demonstrate that each term of the
vector notation represents the corresponding terms in the Cartesian formulation. Due to that, we

will not demonstrate it here again.

2.3.2 Integral Form of the Conserved Total Energy Equation

To obtain the integral form of the total energy equation (2.54), we use the Gauss theorem. It

follows:

gt/p(e—f— Z|UP)dv = —jng(eJr %|U|2) -ndS — fq-nds
(2.48)

+/onng—7{pU~ndS—]{(7—oU)~ndS+/deV
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2.3.3 Non-Conserved Total Energy Equation

As before, the mass conservation equation can be used to manipulate the conserved total energy
equation. The transformation leads to the non-conservative form. For that, we first need to split
the time and convective terms of equation (2.45) using the product rule. Hence, the time derivative

can be rewritten as:

o, 1., Lod] =2 v Loe Lup) 2
g loe+ 3oIUP) = 5 [ole+ FIUP)| = pipte+ JIUR) + e+ UM Sp. (249

and the convective term will be transformed into:

1 1 1
Ve pU(e + 5|U|2‘) =pUe V(e+ 5\U|2) +(e+ §|U|2) Ve (pU) . (2.50)
N—— N——r
gradient divergence

inner product

The next step is to replace the above terms into equation (2.45) and put the terms that are related
to the convective part to the LHS:

0 1 2 1 2 0 1 2 1 2 _
pa(e+§|U\ )+(6+§|U| )apﬂ-onV(e—%— §\U| )+(e+§|U\ )We(pU)=... (251)

After taking out the density and the term (e + 3[U|?), we get:

p| et LIUP) +UeT(e+ %|U|2)} FletUP) [DpresTl)] = (252)

| S —

continuity

We observe that the second term on the LHS is equal to zero due to the continuity equation.
Based on that, we can simplify the equation and end up with:
8 1 2 1 2

— —-|U U —-|U =... 2.53

| gt 5IUP) + U Ve + 0P| (2.53)

By using the definition of the total derivative (1.22), we finally can rewrite the equation in the

non-conservative form:

p%(e+%|U\2):—Voq—|—ong—V0pU—Vo[ToU]—&-pS . (2.54)

OpenFOAM®

For informative purposes, the symbols used in OpenFOAM® are given now. The total energy is
donated by the symbol E = (e + 3|UJ*) . The kinetic (mechanical) energy is donated by the
symbol K = 1|UJ*.

2.3.4 Kinetic Energy and Internal Energy

The total energy equation is the sum of the kinetic energy and internal energy. After we have
either the kinetic or internal energy equation, we can subtract that equation from the total energy

equation to get the other one. Thus, we will first derive the mechanical (kinetic) energy equation
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and get the internal energy equation by subtracting the kinetic energy from the total energy
equation.

The answer why we derive the mechanical (kinetic) energy equation instead of the internal
energy equation is simple. The derivation of the kinetic energy equation can be done by merely

multiplying the momentum equation by the velocity again.
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2.4 The Conserved Mechanical Energy Equation

As mentioned before, we will derive the mechanical (kinetic) energy equation using the momentum
equation. To be consistent with the derivations before, we will split the derivation into two parts.
The first part will use the finite volume element dV to derive the first part of the conserved
kinetic energy equation without explaining the meaning of the source terms. After that, we use
the source terms of the momentum equation to get the source terms for the mechanical (kinetic)
energy equation. At that stage, it is easier to analyze the meaning of the different terms.

Generally, we can define the change of kinetic energy in an arbitrary volume element dV as:

rate of kinetic :| _ [rate of kinetic energy:| [rate of kinetic energy

energy accumulation entering the volume leaving the volume

(2.55)
n sum of additional
source terms
Using the definition of the kinetic energy per unit mass (divided by p):
102
€kin = §‘U| 5 (256)
we can merely derive the accumulation of the kinetic energy as:
A A 1.5

AmAyAthpekm = AxAyAzA—tpg\U| . (2.57)

The Convection of Kinetic Energy

The kinetic energy that enters or leaves the volume element is transported due to fluxes and can

be derived analogously to the convective transport of the total energy or momentum:

1
into face |, : (puz)§|U\2\$ ,
. 1 2
out of face |, A, : (puz)§|U| lotae s
. J—
into face |, : (puy)§|U| l,
| —
out of face |, o, : (puy)g\U| lysay >

1
into face |, : (puz)§|U‘2‘z )

1
out of face |_,x. + (pus)5[UP. . -
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With the expressions above, it is possible to rewrite the transport of the kinetic energy due to

convection as:
102 100
(p2)51UPL, = (pua)5[OP s, ) Ay
10 1.0
+ ((ow)510PL, = (o) 51U, ., ) Az
1 2 1 2
+ (o) 3[OPL. = (pu) 51U s ) Ay

Defining the sum of additional source terms that act on the volume by the quantity exin,s and put

the new evaluated terms into equation (2.55), we get:
7] 1, 19
AzAyAz—- IUI (puz) 5O, — pux) [UP|, a0 | AyAz
8t 2 2
12 102
(o) SR, = (o) 51U, L, ) Ava:

1 1
+ (a3 IUPL = () UFL.. ) Ay
+exin,sATAYAz . (2.58)

To achieve the partial differential equation, we will divide the whole equation by the volume of
the element dV. It follows:

9 1‘U|2 :(/mw)%lU\Q\m — (puz) 50|, an
at’2 Az
+(puy)%lUl2|y — (puy) 5104 ay
Ay
w.) LU, — (pus) L |U|?
+(p )5IUI°LL 155 )35l ||z+Az+ekimS . (2.59)

The next step is to use the assumption of equation (2.5) and (2.6). Therefore, we get the first

part of the kinetic energy equation without any explicitly mentioned source term:

0 Lyp P 1 P F}
at’2

= — 5 (e [UP) = 5 (puy 5 [UP) = 5L (pu-51UP) + exins | (2.60)

The vector notation for this equation is:

o1
at’2

1
UPP=-Ve (PU§\U|2) + €xin,s | - (2.61)

Equation (2.61) can also be derived using the momentum equation and forming the scalar product

of the local velocity and equation (2.26).

Source Terms of the Kinetic Energy

Several phenomena can influence the kinetic energy. These sources (terms) act on the volume
element. To get the different source terms, we will use the momentum equation (2.26). The terms

exin,s are merely the source terms in the momentum equation (2.26) multiplied by the velocity.
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Recall: The source terms of the equation of motion are:
e Pressure (surface) ,

e Shear-rate (surface) ,

e Gravity (volume) .

Using this information, we can replace the quantity exin,s by:

exns = —(Ver)eU—(Vp)eU+  (pg)eU
——

work done by gravity

Note: The multiplication with the velocity results in the inner product.

29

(2.62)

If we insert the source term exin,s into equation (2.61), we get the conserved mechanical

(kinetic) energy equation including the above mentioned source terms.

01

ot 2

S U =~V (US|UP) ~ (Vo) e U~ (Vp) s Ut (pg) s U|.

(2.63)

Analyzing the new equation, we already know the meaning of the term on the LHS and the first
and last term on the RHS. The meaning of the second and third term on the RHS is not clear till

now. Therefore, we will replace these terms by manipulating both by applying the product rule.

The term that denotes the viscous force can be rewritten as:

Ve[reUl= 7: (VRU) +Ue (Ver) .

gradient divergence
double inner product inner product

The pressure term can be manipulated as follows:

Ve(pU)=Ue Vp +p VeU

gradient divergence

——

inner product

Now we rearrange these equations:

Ue(Ver)=Ve[reU]—7: (VaU),

UeVp=Ve(pU)—pVeU,

(2.64)

(2.65)

(2.66)

(2.67)

and insert both into equation (2.62). The resulting equation gives us the possibility to get a better

physical base for the meaning of the single terms. Hence, for the source terms get the following
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expression:
exins = —Ve[reU]— (—1: (Ve U)) —V e (pU)
work done irreversibe conversion work done by
by viscous force to internal energy pressure of sourroundings
(shear—heating) (2 68)

— p(=VeU) +(pg)eU
—— ——

reversible conversion  work done
to internal energy by gravity

Finally, we use the new evaluated sources exin,s to get a more understandable and readable kinetic

energy equation:

O PP =~V e (pULIUP) =V e[r e U] - (~7: (V& U))

ot 2 (2.69)

~Ve (pU) —p(-VeU)+ (pg) e U

The Meaning of Some Terms

e (—7: VU): as stated by Bird et al. [1960], this term is always positive for Newtonian fluids
and describes that motion energy is irreversibly exchanged into thermal energy and therefore
no real process is reversible. This term will heat the fluid internally. The heating due to this
term will only be measurable if the speed of the fluid is very high (large velocity gradients);
e.g. high-speed flight or rapid extrusion.

e p(—V e U): this term will cool or heat the fluid internally due to sudden expansion or
compression phenomena; e.g., turbines or shock-tubes.
2.4.1 Integral Form of the Conserved Mechanical Energy Equation

The integral form of the kinetic energy equation (2.69) can be achieved by using the Gauss theorem
(1.29). Hence, we get:

ot | 20
—/(—T: (V®U))dV—pr.nds—/p(_v.U)dv+/(pg).Udv

|U2dV = —jpr%\UF -ndS — 7{ [T e U]-ndS
(2.70)

2.4.2 Non-Conserved Mechanical Energy Equation

As before, we can use the continuity equation, to change the conserved kinetic energy equation
into the non-conservative form. Therefore, we have to split the time derivative and convection
term using the product rule again. Besides, we have to put the convective term to the LHS of

equation (2.69). Thus, the time derivative will change to:

0

o 1. __9 01
U| o apa

1
—p= =p—=|U*> + =|U? 2.71
5:"3 Po 501"+ 5 (2.71)
and the convection term to:

Ve (pU%|U|2) — U v%m\? + %\va o (pU) . (2.72)
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We end up with:

o1
Pt 2

After we exclude p and %\U|2 from the equations, we get:

01 . 0 12 1 QW B
p| 55Ul +U.v2|U\}+2|U\ . pU)]_...
N—_————

continuity

1 0 1 1
U+ §|U|2aP+PU°V§|U\2 + §\U|2V‘ (PU) =. ..

31

(2.73)

(2.74)

As we can see, the second term on the LHS is zero due to the continuity equation, and therefore,

we get the non-conserved kinetic energy equation by using the definition of the total derivative

(1.22) to be:

DIUF _
Dt

~Ve[reU]—(—7: (VRU))—Ve(pU) —p(—VeU)+ (pg)eU|.

(2.75)

Remark: It should be evident that we can use equation (2.64) and (2.65) to change/eliminate

some terms or rearrange the equation.
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2.5 The Conserved Thermo Energy Equation

After the total energy and the kinetic energy equations are derived, the equation for the thermo
(internal) energy equation can easily be build by subtracting equation (2.69) from (2.45). To get
the internal energy equation, we will split the time and convection term of equation (2.45) first.

This is done to separate the single quantities. Hence, we get:

% <pe+ %p‘U|2> =-Ve (pU(e+ %\U|2)> +... (2.76)
%(pe) N % (%p\m?) Ve (pUe)—Ve (pU%\Uf) +... 2.77)

The next step is to replace the underlined term by the conserved kinetic energy equation (2.69).

5 00) = o (JUSIUF) = Ve lra U]~ (-7 (V1)) = T (31)

-V eU) 4 (pg) e U= Ve (pUe) Ve (pU§|U|2)
—Veq+pUeg—VepU—Ve[reU]+pS. (2.78)

We can see that the second, third, fifth and seventh term on the LHS cancel with the second,
fourth, fifth and sixth term on the RHS. Note that pU eg = (pg) e U. Hence, we get the following

equation for the kinetic (internal) energy equation:

%(pe) (cr: (VR U)) = p(—VeU) = —V e (pUc) — Veq-+pS. (2.79)

After sorting the terms, we get the final form:

1o}
a(pe) =—Ve(pUe) —(7:(V®U)) —p(Vel) —Veq +pS . (2.80)
N—— ~—
transport by irreversible reversible energy input heat source
convection energy by energy by by conduction
viscous dissipation compression

shear—heating
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2.5.1 Integral Form of the Thermo Energy Equation

33

The integral form of the internal energy equation (2.80) is observed using the Gauss theorem

(1.29):

%/pedv:—premdS—/(r: (Ve U))dv

*/p(VOU)dej{q'ndSJr/deV .

2.5.2 Non-Conserved Thermo (Internal) Energy Equation

(2.81)

As before, we can rewrite the conserved internal energy equation into a non-conserved form using

the continuity equation. For that, we split the time and convective terms again. As before, the

terms always look similar. The time derivative will be manipulated to:

1o} _ Oe ap
a(ﬂe) =P +€a )

and the convective term to:

Ve (pUe) =pUeVe+eVe(pU).

After inserting the two terms into equation (2.80), we get:

Oe dp B
PE+6E+pUOV€+€VO(pU)7...

Now we extract p and e:

de ap B
p{aﬂ-UoVe}—i-e[— 0)] = ..
———— —

total derivative continuity

(2.82)

(2.83)

(2.84)

(2.85)

Due to the continuity equation, we can cancel out the second term and write the non-conserved

internal energy equation as:

PLl = (7 (VOU)) ~p(VeU) - Vea+tps|.

(2.86)
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2.6 The Conserved Enthalpy Equation

The next equation that we are going to derive is the conserved enthalpy equation. For that, we
will use the total energy equation (2.45) and the definition of the enthalpy h, that is equal to the

sum of the internal energy plus the kinematic pressure:
h=e+ % . (2.87)

If we replace e in equation (2.45) with the new expression, we get:

ailelr 3] gor} == v (o {[n-2] s gur}) -vearowen (2:8)

—Ve(pU)—-Ve[reU]+pS.
For further simplification, we split the time and convective term:

d a d1 o P\ _ Lozl _
3tph ET +6t2pU| = Vo(pUh)+Vo(pUp) Vo(pU2|U\) Veq (259

p(Ueg) Ve (pU) - VelreUl+S.

The terms that are underlined are equal and can be cancelled out as well as the density in the

second term of the LHS. Thus, we get the conserved enthalpy equation as:

) b o1 o _ L) _
5"~ % +8t2pU\ = —V e (pUh) v.(pU2|U\) Veq (290)

+p(Ueg)—VelreU]+pS

2.6.1 Integral Form of the Conserved Enthalpy Equation

The integral form of the conserved enthalpy equation (mechanical energy included) is constructed

by using the Gauss theorem. Hence, equation (2.90) can be rewritten. We get:

gt phdV — 8/pdv+/ ~p|U| dv——?f(pUh)-ndS+/p(U.g)dv

_% (pU§|U|2) .ndg_fq.ndg_yf[f.m-nds+/dev

2.6.2 Non-conserved Enthalpy Equation

(2.91)

As for each conserved equation, it is possible to change equation (2.90) to a non-conservative form
by using the continuity equation. To manipulate the conserved equation, we first have to split the
time and convection terms of the enthalpy equation. Hence, the time derivation can be re-ordered
as: 5 5 8
h=p—h+h— 2.92
" = Py T P (2:92)

The convection term will be manipulated to:

Ve (pUh) = pU e Vh+ hV e (pU) . (2.93)
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Finally, we replace the split terms into equation (2.90) and move the convective term to the LHS.

The result is:

0
th+h

o 0
Par p+at2p|U\ +pUeVh+hVe(pU)=... (2.94)

att ot

By taking out the density p and enthalpy h of the terms of interest:

d d
ploh+tUe Vh“L]“LhMJrﬁi UP - Zp=... (2.95)
~—_—

continuity

and sort the equation, we get the non-conserved enthalpy equation:

Dh 01 9 Lgp) -
o = 93" P[0 + Ve (pUQIU\) Veq+p(Ueg) (2.96)

—V e [re U]+ pS

2.6.3 The Conserved Enthalpy Equation (only Thermo)

In literature, we find another enthalpy equation. The difference is that the mechanical energy is
removed and we only have the thermo energy included. Therefore, we need to subtract equation
(2.90) with (2.69) and use (2.65):

o . 0 91 ., o1 B
{Gon— g+ 5goior | - { 2 3008} =

{—v.(pUh)—v. (pU%|U|2> —Voq+p(Uog)—Vo[ToU]+pS}

TR - T elreul - (7 (Vo))
Ve (V) p(-T e U)+ () e U . (207

The outcome of the subtraction is that many terms can be canceled out. Furthermore, the 10th
and 11th term on the RHS can be combined using the product rule. Thus, we are allowed to
rewrite this term as —U e Vp. The equation we get is widely reported and can be found in

different literature.

—ph— =p=—-Ve(pUh)—Veq+pS+(—7: (VU))+UeVp|. (2.98)

Furthermore, it is possible to modify this equation by putting the second term of the LHS to the

RHS:
gtph— —Ve(pUh)—Veq+pS+ (—7: (V®U))+%p+UOVp . (2.99)

Total derivative
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This lead to the total derivative on the RHS for the pressure and we can apply the rule given by
equation (1.22). The modified equation is then given by:

0 D
—ph=—-Ve(pUh)—Veq+pS+ (—7: (V®U))+D7€‘J

5 (2.100)

Note: The equation above can be found in the following literature Bird et al. [1960], Ferziger and
Perié¢ [2008] and Schwarze [2013]. Keep in mind that we still did not introduce the definition of

the shear-rate tensor 7. Therefore, we still have a negative sign in front of 7.



Chapter 3

The Governing Equations for Engineers

Typically, it is sufficient enough (for engineers) to know the general conservation equation for an
arbitrary quantity ¢. Once the meaning of this equation is understood, we can — probably — derive
any equation. The general (governing) conservation equation of an arbitrary quantity ¢ is given
by:

0
500 == Ve(pUs) + Ve(DVe) + S, . (3.1)
—~—
time accumulation convective transport diffusive transport source terms

In the equation above, D stands for the diffusion coefficient, that can be a scalar or a vector
and S, stands for any sources or sinks that influence the quantity ¢. Now we can derive the
mass, momentum and other conservative equations out of this by replacing the quantity ¢ by the

quantity of interest.

3.1 The Continuity Equation

To derive the mass conservation equation, we have to replace ¢ by 1. Furthermore, we have to
know that mass is not transported by diffusion effects and we further assume that the mass is
not transformed into energy or vice verse; no source terms. Thus, we get the continuity equation
(2.12):

19}
5P = —Ve(pU). (3.2)

Of course, if we have an incompressible fluid we get equation (2.13).

3.2 The Momentum Equation

To get the momentum equation we replace ¢ by U. Besides, we need to know the diffusion term
and all other source terms that influence the momentum in the volume element. The diffusion
term determines the transport of momentum due to molecular effects (7). The source terms are
the gravitational acceleration and the pressure force. Later on, we see a more general form of this

equation. Summing up, we end up with the following formulation:

0

apU:fVo(pU®U)+VonVp+pg (3.3)

37
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Note: As we see, the shear-rate tensor 7 has a positive sign in this equation. In each equation
before we had a negative sign. The sign change will be understood after we introduce the definition
of the shear-rate components (all components are negative). In the equation above we already
applied the definition of the shear-rate components, and hence the sign already changed.

The momentum equation shows that it is possible to use the governing conservation equation
to derive other — more complex — equations. Doing so, we always have to know which source terms
are relevant and how the diffusion term looks like. If we get more familiar with the equations,
especially with the stress-tensor and the source terms, it is straightforward to use this equation

and derive the conservative equation of interest.

3.3 The Enthalpy Equation

To derive the enthalpy equation, we have to replace ¢ by h. This will lead to the internal energy
equation. The diffusion term (—V e q) can be expressed by the Fourier law q = —AVT. Addi-
tionally, the energy of a fluid can be changed by other sources such as the pressure work, friction,

and so on. These terms are given in the chapter before and are neglected now.

0
—ph=—=V e (pUh)+ Ve (AVT) (+Sn) - (3.4)
ot ——
neglected
It should be mentioned that the enthalpy equation has a special characteristic because it requires
the knowledge of the temperature field T. The enthalpy equation is of interest, if we are solving
compressible fluids — compare the OpenFOAM® toolbox. For incompressible fluids, no informa-
tion about the energy is needed commonly. However, for compressible fluid we solve an energy

equation (either for the enthalpy or total energy).

Temperature equation

The temperature equation can be derived using the thermodynamic relation between the enthalpy

and temperature quantity:

oh
oT -

The relation in equation 3.5 is further investigated during the derivation of the temperature

(3.5)

Cp =

equation for solid bodies.
Assuming constant heat capacity and incompressibility, we can manipulate the enthalpy equa-

tion to get to the following temperature equation:

pcp%T = —pcpV o (UT) + Ve (AVT) (ifi)/ . (3.6)
neglected

Depending on the field we are working on, we have to take care about different phenomena
that influence the temperature in the system. Example given: if friction, pressure work or the
kinetic energy accumulation are really influencing the enthalpy equation, we have to take these
phenomena into account. However, as already mentioned above, the temperature equation was
derived with the assumptions of incompressibility and constant heat capacity. Therefore, we should
be aware if the equation is valid in the case we are trying to solve. Solver crashes in OpenFOAM®
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are sometimes related to wrong coupled equations. One interesting example would be as follows:
Solving a fluid for incompressible fluids but using a temperature depended density. It can be
shown — mathematically —, that this case can cause troubles and numerical instabilities if the
implementation is not done correct.

In addition it is worth to mention, that the temperature equation looks different if the above
mentioned assumptions are not fulfilled (incompressibility and constant heat capacity. Moukalled

et al. [2015] give a well-done summary about the derivation of the temperature equation.

3.3.1 Common Source Terms
e Shear-heating — viscous dissipation

Shear-heating can be included to the enthalpy equation. Therefore, we have to add the term that

describes the shear-heating; compare equation ( ):

Ssh=7:(VeU). (3.7)

https://holzmann-cfd.de


https://holzmann-cfd.de

40 The Governing Equations for Engineers

While using the thermodynamic relation between enthalpy, temperature, and pressure:

oh Oh
dh(T,p) = (ﬁ) ar + (8—1)) ap .
p T

while neglecting the second term on the RHS, we get:

dh(T) = (g;)pdT .

OhY _
or ) -
P

Furthermore, we know:

(3.12)

(3.13)

(3.14)

Therefore, we can write (neglecting the hint of the temperature dependence of the enthalpy quan-

tity):
dh = cpdT .

The next step is to rewrite the enthalpy equation by using the product rule. It follows:

https://holzmann-cfd.de

(3.15)


https://holzmann-cfd.de

3.4. TEMPERATURE EQUATION FOR SOLIDS 41

For solids (rigid bodies) there is no motion. Therefore, the velocity vector is zero. If we further

neglect the source terms, we get:

orT
p {cpa] =-Veq. (3.23)
Finally, we end up with the well known equation:
pcp%% — Ve (A\VT). (3.24)

It is worth to mention, that equation 3.22 can be transformed into 3.6, if the second term on the
LHS is extended by (¢, TV e U) and the the rule 1.19 is applied.

A full derivation of the conservative temperature equation, including all terms, is given in

[2015].

https://holzmann-cfd.de
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Chapter 4

Summary of the Equations

On the next site, all derived equations are given in a summary for a fast look-up. Depending on
the problem we are focusing on, special terms can be neglected or has to be taken into account.
Thus, we should be familiar with the software we are using — which equation and which terms
are solved — and the equation and mathematics respectively.

There are more equations that could be included here; for example the equation for solid
mechanics (stress calculation) and/or magneto hydrodynamics (Maxwell-equations). Due to the
fact that we did not discuss these special kind of equations, they are not presented here.

However, it is worth to mention that I have a strong personal force to keep the book up to
date and extend different topics during time. Additionally, voluntary contributors are welcomed

to work on that book and extend it with their topics.
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Chapter 5

The Shear-rate Tensor and the Navier-Stokes

Equations

The equations derived in the previous chapters allow us to investigate into engineering and scientific
fluid behavior. This enables the possibility to get a better insight into the physics and lead to a
better understanding of different phenomena in the flow field. Besides, it is possible to extract
quantities that are not measurable in reality — imagine a liquid metal at high temperature while
the pressure and velocity at certain positions should be measured.

However, if we analyze the derived equations, some quantities are not known; for example the
shear-rate components 7;;. These unknown quantities have to be expressed by known ones.

The shear-rate tensor 7 is expressed by differential equations which depend on the behavior of
the liquid. Here we distinguish between Newtonian and Non-Newtonian fluids. In this chapter,
we introduce the shear-rate tensor 7 for Newtonian fluids only. Further notes and information
can be found in Bird et al. [1960], Ferziger and Peri¢ [2008] and Dantzig and Rappaz [2009].

5.1 Newtonian Fluids

If we are investigating into Newtonian fluids, we use the Newtonian law for the shear-rate (viscous

stress) tensor 7. Thus, the nine components of the tensor can be described as:

ren= -2 4 G (Ve U) (1)
Ty = =G+ (G =RV e T). (5:2)
ree= 20 2y (e, (53)
oy = 7ye = (G2 4 G (5.4)
Tys = Tay = — (% - 8;;) : (5.5)
Taw = Toz = —f (%Q;Z 6;;) (5-6)
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The normal stress components have the quantity & included. Bird et al. [1960] describes this
variable as the bulk viscosity. However, in chapter 7, we will realize that this definition is in
discrepancy to other authors. Therefore, we should describe the bulk viscosity differently. Nev-
ertheless, as Bird et al. [1960] mentioned, the quantity x is not important for dense gases and
liquids and can be neglected; again, later on we see why. The other term in the normal stress
components takes the value % 1, which many authors refers to the secondary viscosity, dilatation
term or first Lamés coefficient that is again in discrepancy to other authors. The main reason
for that misleading definition is based on the fact that the following correlation A = 7% u can be
made. In chapter 7 we will investigate into this topic in more detail. It is worth to mention that
Gurtin et al. [2010] also gives a good and complete overview about that. However, we will keep

the quantity « for now as it is common in literature.

Remark

In general it is sufficient to know how the shear-rate tensor is defined. However, if we are going
to implement or establish new models, it is necessary to understand the different terms and their
meaning. Therefore, it is an important background knowledge to know why and how we get to
the shear rate tensor. Besides, it is also of importance to distinguish between the pressure and

equilibrium pressure in that topic. The main reference in this field is based on Gurtin et al. [2010].

Continued

If we insert the above mentioned definitions of the shear-rate components into the momentum
equations (2.23), (2.24) and (2.25), we will get the momentum equations for Newtonian fluids also
known as Navier-Stokes equations.

For the x-component of the Navier-Stokes equation we get:

éu—f2uu+£uu+guu
e W e e N Pl

0 Ouy 2 0 Oug  Ouy
(& o] [

(5.7)
n 0| [Ous " Ouy
92 | M\ or 0z
Op
- % + PGz
For the y-component of the Navier-Stokes equation we get:
gu =— guu +3uu +guu
8tp y = 8$P2y 8ypyy szzy
0 Oug | Ouy 0 Ouy 2
_{533 [_M<5y * 82:)}4—8?/ {_2“ Oy +(3M_K)(V.U) (5.8)

+ g _ du + %

0z H dy 0z

Op
_afy""l’gy
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and finally the z-component of the Navier-Stokes equation can be written as:

0 7] 0 0
almz =- (%pumuz + (rTypuyuz + apm%)
0 Ougy  Ou. 0 Ouy | Ou,
Al G T L,
+ 2 G+ Gu-nw e v}
0z 0z 3
e,

The three equations can be merged together by using the Einsteins summation convention:

D =~ ) — D [y (L[ P O
Btp v 855]' P I 8:61 H 2 8x]- 89c2

(5.10)
3” 6331 &tl Pgi
Introducing the deformation rate (strain-rate) tensor D,
1
D:§[V®U+(V®U)T] , (5.11)

where T stands for the transpose operation, which means A;; — Aj;, we can write the vector form

of the above given equation:

2
%pU =—-Ve(pURU)—-Ve (72/LD + {g,u — /s] (Ve U)I) —Vp+pg. (5.12)
Finally, we take the negative sign into the brackets of the second term on the RHS to get the

general Navier-Stokes equation in vector notation:

%pU—FVo (PU®U)=Ve (2,uD—|— {—%u—kli} (VoU)I) —Vp+pg | (5.13)

viscous stress tensor T

The viscous stress tensor also named shear-rate or deformation-rate tensor 7 can therefore be
defined as:

T= (2,uD + {—%u + n] (Ve U)I) . (5.14)

If we define k = 0, which comes from the Stokes hypothesis, the general Navier-Stokes equation

can be presented as:

%pU—i— Ve(pU®U)=Ve (ZMD - %u(v oU)I) —Vp+pg|. (5.15)

viscous stress tensor T

This form of the Navier-Stokes equation is given in many literature. Another form of the momen-

tum equation (5.13) can be achieved after pushing the pressure gradient into the viscous stress
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tensor:

%pUJrv.(pU@U) —Ve (zﬂDJrH%HK} (VoU)fp}I) ol (5.16)

Cauchy stress tensor o

It should be obvious that the gradient of the pressure is identical to the divergence of the pressure
multiplied by the identity matrix:
Vp=Ve(pl). (5.17)

All terms within the bracket are summed together to the so called Cauchy stress tensor o. A
detailed discussion about this quantity is given in chapter 6. Finally, it should be mentioned
that there are much more ways to define this equation. Especially if we distinguish between total
pressure p and the equilibrium pressure peq; compare chapter 7. However, in most cases, we do not
have to know all these different things. This probably of importance if new things are developed
or if one wants to understand the basics in detail.

The momentum equation can also be defined for solids. In this particular case, we are using
the Lamés coefficients. Things would get to complex here and the structure is not correct for the
introduction of all the theory. Thus, information about why we can use this equation for solids
too can be found in Gurtin et al. [2010]. A short overview of some constitutive relations are given

in chapter 7 later on.

5.1.1 The Proof of the Transformation

The following section discusses the transformation of the vector form into the Cartesian one. As
before, we will investigate only into the terms that are not discussed until now. The terms that
we are going to investigate are the viscous stress tensor 7 and the pressure gradient of equation
(5.13).

Ve <2uD + |:—§M+Ii:| (V oU)I) —Vp.
The first step is to split the terms:
2
Ve(2uD)+ Ve (|:—§/,L—|—K:| (VOU)I) —Vp.

It is easy to demonstrate that the pressure gradient is equal to the terms in equation (5.7), (5.8)
and (5.9). Additionally it is easy to show that the expression of V e (pI) is equal to Vp. For that,

we are using the mathematical operation (1.18):

100 2 p 00 o
~Vel)=-Veiplo 1 0l p=—|2|el0 p 0|=—[3|=-Vp. (518)
00 1 2 00 p o



5.1. NEWTONIAN FLUIDS 49

As we can see, the terms are equal for the pressure term. The analysis of the first term that

includes the deformation-rate tensor D, needs the mathematical operations (1.15) and (1.18):

1
Ve(2uD)=Ve (2,15 [V®U+ (V®U)TD (5.19)
T
Baz Uz % Uz
=Velypu aay ® |uy | + a%/ @ | uy (5.20)
> us > us
Quy  Ouy  duy Ouy  Ouy  Oug
ox aax ox 861 aé)y aaz
— Oug U Ouy u u u
=Ve H oy 6yy oy + Bacy Tyy Bzy (521)
Ouy Ouy Ou Ou Ou Ou
Oz Oz Oz ox Oy Oz
S I R A S
—Ve I 8uI + c’?uy Buyy + c’}uy 8auyz + 6u1 (5.22)
6u£ + Buz Buzy =+ Buz B;Zz + Buz
2\ [ulBE Bl ulGE B ulE + ]
Ug Ou, Ou, 3“1 U um
= | & | o |nl%e+ T wlTE+ T ulGe + %] (5.23)
s Ou Uy Uz s
2) | o ) u[a;’+8 ] u[aaer@ )
i Ugp ou Uy U5 Uy
%(2/‘6 )+(Ty(ﬂ[ axy +a ] +§(N[a Jra@z ) of £ — mom.
Uy Quy, Buz U, uT L
- 86; (‘u[a@y J]) + By 215y J + % (ﬂ[aay +2 }) = of y —mom. . (5.24)
( Bgzz + Buz]) + Ty [Buy + 8u2}) + 2 (2’u8uz) of 2 — morn.

At last, we check if the terms are correct; of course equation (5.24) already shows that the terms
have to be similar but we will demonstrate why. For that, we use the term within the brackets
{...} of equation (5.7),

0 Ouy 2
{3 [z + Gu-n 0]
0 Ouz ~ Ouy 0 Ou,  Oug
wap [y )] o [ (G + 52)]} o
taking the minus sign inside the bracket and split the z-derivative, we end up with:
0 Ouy 1o} 2
5 (2652) - 2 (Gu-nve0)

0 OUg Ouy 0 ou. Uy
vy (G + 5)] v (3 + 5)] - oo
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Apply the same procedure on the terms of equation (5.8) and (5.9), we get the same terms of the

y-momentum:

Kl Ous | Ouy 0 Ouy

oz [’“‘(ay N ax”*@ (%;y)

0 2 0 ou. Ouy

and the terms of the z-momentum:

ﬁ Oy n ou. " 2 auy 8uz

oz |\ oz Ox dy a

8 auz 0 2

The underlined terms occur in equations (5.24). That means that the vector form and Cartesian

one are similar for these terms, but there is one term missing in each derivative. This term comes

from the last term that we neglected till now. The last term can be manipulated to:

1 0 0
—V°<[§M }(V.Un):—v. [%u—n} (v-U)g (1) (1) (5.29)
% [2p—k](VeU) 0 0
=— a% e |0 [2u—k](VeU) 0 (5.30)
% 0 0 [2u—k](VeU)
—%[gu—/ﬂ(v'U) , of x mom
= —a%[%ﬂ—"i](v°U) =4 of y mom . (5.31)
_%[gﬂ_ﬁ](v‘U) of z mom

As demonstrated, all terms of the shear-rate tensor of the vector notation are equal to the Cartesian

notation. Thus, both representations are identically.

5.1.2 The Term —2(V e U)

As mentioned at the beginning of this chapter, the second term —%p is referred in literature to
be the dilatation viscosity. As already said, the choice of this nomenclature is not unique in
literature. However, this term represents expansion and compression phenomena. To demonstrate
the meaning of the term and the correlation to the expansion and compression phenomena, we
will use the continuity equation to modify this equation. The mass conservation equation is given
by:

dp
5 +Ve(pU)=0. (5:32)

After applying the product law (1.19), we get:

3t+pV.U+U eVp=0, (5.33)
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Now we can sort the terms in order to get to the following formulation:
1[0p
VeU=——-|-"—+UeVp| . 5.34
* P {075 e p} (554

This expression is inserted into the shear-rate tensor T of equation (5.13). The outcome is the
following: We see that the second term on the RHS is only related to the density change and thus,

it is related to expansion and compression phenomena:

_ 2 1[op
T—2MD—§u {—; {E—FUOV/)}}I. (5.35)

expansion and compression

Note: The above mentioned relation holds if the Stokes hypothesis is valid and therefore x = 0.

5.1.3 Further Simplifications

If we assume incompressibility of the fluid, p = constant, we can use the continuity equation for a
simplifying the shear-rate tensor. Hence, the second term in equation (5.35), the dilatation term,
depends only on the density, this term will vanish based on the fact that the density will not
change during time and the gradient of a constant number is zero. In addition, we are allowed to
take out the density of all remaining derivatives. Thus, we can divide all terms by this quantity
to get rid of the density. The result of the shear-rate tensor is as follows (v = %):

T=20D . (5.36)

If the dynamic viscosity v can be assumed as a constant, we further can simplify the equation by

taking out the viscosity of the divergence operator:

Ver=1vVe(VaU+ (VaU)'). (5.37)

The underlined term results in a tensor that can be simplified by the continuity equation. Thus,

we get the famous Laplace equation:

Ver=vV’U=vAU. (5.38)

5.2 Non-Newtonian fluid

Considering non-Newtonian fluids, the shear-rate tensor has to be treated in another way due to
the fact that the Newtonian law is not valid anymore. For that we can use, e.g., the equation

suggested by Herschel-Bulkley. They defined the shear-rate tensor by using a power law equation:
T=T10+ky" (5.39)

This equation can be used for modelling Non-Newtonian fluids. Further simplifications are made
by Ostwald and de Waele. They assume that 79 = 0. Therefore, we get the two parameter
equation:

T =ky" (5.40)
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k denotes a consistency factor, 4 the shear-rate and n the potential factor.

Using the following parameters k = 2u,7 = D and n = 1 lead to the shear-rate tensor for
incompressible Newtonian fluids.

Remark: This section was added in the first edition of the book. However, as I am not
familiar with non-Newtonian fluids, I cannot proof or give further information in this particular
topic. However, my former colleagues at the Montanuniversitdt Leoben modeled non-Newtonian

fluids with a complete different viscosity model rather than just using a different strain-rate tensors.



Chapter 6

Relation between the Cauchy Stress Tensor,

Shear-Rate Tensor and Pressure

In equation (5.16) we introduced the Cauchy stress tensor o. This stress tensor includes all
stresses that act on the volume element dV. That means, shear and pressure forces because both
can be related to stresses. The correlation between the total stress, shear-rate stress and pressure
is briefly discussed in this chapter.

First we start introducing the Cauchy stress tensor o

Oxx Oy Ogxz
o= |0yz Oyy Oyz| - (6.1)
Oz O'zy Ozz

As we know from chapter 1, we are able to split each matrix into a deviatoric and hydrostatic

part. The definition is given in equation (1.25) and can be applied to the Cauchy stress tensor:
o= 4%, (6.2)

The hydrostatic part of an arbitrary matrix A has the special meaning of the negative pressure

p. Hence, equation (1.26) or (1.27) can be related to the pressure as:

—p=A"= %tr(A) , (6.3)
—pl =AM = %tr(A)I . (6.4)

Using the definition of the deviatoric part (1.28) and the above expression, we can rewrite equation
(6.2):
1
o=—-pl+ {0' ~3 tr(U)I} . (6.5)
—_——

shear—rate tensor T

The deviatoric part is related to the shear-rate stresses and can be expressed by the shear-rate

tensor T:
o' =1, (6.6)
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At last, it follows:
o=—-pl+T1. (6.7)

Depending on the fluid of interest, T has to be replaced with the correct expressions.

Note: In fluid dynamics it is common to use the split Cauchy tensor to get the shear-rate
tensor and pressure. In solid mechanics it is common to work with the full stress tensor o, compare
Jasak and Weller [1998].



Chapter 7

The bulk viscosity

As we already pointed out in chapter 5 there are discrepancies in literature based on the quantity «.
Bird et al. [1960] referred the quantity s, which is included in the normal components of the shear-
rate tensor, as bulk viscosity, that is also named, dilatation, volumetric or volume viscosity. All of
these names represent the same. In order to make a clear statement about the bulk viscosity, we

have to go deeper into the basics of the mechanics and thermodynamics. All necessary information

https://holzmann-cfd.de
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Finally, after summing up, we end up with the following formulation:

o(p, D) = ovis(p, D) — peq(p)I - (7.5)

Equation 7.5 is similar but not equal to 6.7 based on the the equilibrium pressure and the viscous
term. Later we see why both equations are equal for some particular cases — in which we are

working commonly. Using the already known definition of the total pressure p, which is given by:

P(p.D) = 3 tr(@ (D)), (76)
we are able to express the total pressure by the equilibrium pressure and the viscous stress tensor:
p(p,D) = 7% tr [~peq(p)I + ovis(p, D)] (7.7)

It is trivial that this formulation leads to:

. 1 ) . R
p(p, D) = peq(p) — B tr [ovis(p, D)] . (7.8)

https://holzmann-cfd.de
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and represents the correct bulk viscosity definition. Comparing this quantity with Bird et al.
[1960], we see that there is a difference in the nomenclature. Because, if we take the trace of

equation (7.14), it follows (note that the trace of Dy is zero):

tr [ovis(p, D)] = 3k(p) tr(D) , (7.16)
and put this into equation (7.8), we get:

P(p) = pea(p) — r(p) tr(D) , (7.17)
and thus the Cauchy stress tensor can be written as:

o(p, D) =2u(p)Do — p(p)T , (7.18)

if we replace the term on the RHS of equation 7.5 with the definitions of 7.14 and 7.17.
Again, this equation looks similar to equation (6.7) but it is in fact not equivalent. In addition
the above constitutive equation for the stress tensor o is only valid for compressible fluids which

have a linear viscosity behavior. To get the equivalence of both equations we have to go further.

https://holzmann-cfd.de
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The bulk viscosity



Chapter 8

Collection of Different Notations of the

Momentum Equations

In literature we find a lot of different notations for the momentum equation for Newtonian fluids. It
is obvious that we can change the stress tensors as we want and play around with the mathematical

laws to manipulate the equation as we want.

e Common conserved momentum equation (2.26):

%pUz—Vo(pU@U)—Vor—Vp—i—pg. (8.1)
e Conserved momentum equation including the definition of the shear-rate tensor:
%pU: —Ve(pUU)+ Ve <2uD—§,u(VoU)I> - Vp+pg . (8.2)
e Conserved momentum equation as used in chapter 7:
%pU =—Ve(pURU)+ Ve (2/,LD0 + A+ %,u)(v . U)I> —Vp+pg. (8.3)
e Conserved momentum equation with bulk viscosity:
%pU =—-Ve(pURU)+ Ve (2uDo+ x(VeU)I)— Vp+pg . (8.4)
e Conserved momentum equation with trace operator:
%pU =-Ve(pURU)+ Ve <2uD — %,utr(D)I) —Vp+pg. (8.5)
e General conserved momentum equation with Cauchy stress tensor:
%pU:fVo(pU®U)+Voa+pg. (8.6)
e Non-conserved momentum equation with Cauchy stress tensor:
p%:Voa’—}-pg. (8.7)
e Integral form of momentum equation:
% pUdV = —f(pU@U)~ndS—f‘rndS—?{andS—l—/png. (8.8)

It should be obvious that we can transform all equations above into the non-conservative or integral

form.
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The Proof that the Trace Operator replaces the Divergence Operator

In one equation above we replaced the divergence operator by the trace operator. That the

operation tr(D) results in V e U is shown now:
VeU =tr(D) . (8.9)
The demonstration is very simple:
tr(D) = tr (% Vou+(ve U)T])

=VeU. (8.10)

1], 0u ou ou
=- 22422422
2 { Ox + Oy + 0z

The divergence operator is evaluated by equation (1.17).



Chapter 9

Turbulence Modeling

In this chapter, we focus on turbulent flow fields and the Reynolds-Averaging approach, which was
introduced by Osborne Reynolds. First, we will investigate different averaging methods. Then
we are going to derive the incompressible mass and momentum equation illustrating the closure
problem. After that, we discuss some hypotheses that are used to get rid of the closure problem.
That leads to the derivative of the Reynolds stress equation. The outcome of this equation can be
used to analyze the analogies between the Cauchy stress tensor and the derivation of the turbulent
kinetic energy. Finally, we discuss the main problem if we want to average the compressible
mass, momentum, and energy equation and introduce the Favre averaging concept. The primary
literature that is used in this chapter is Ferziger and Peri¢ [2008], Bird et al. [1960], Wilcox [1994].

9.1 Reynolds-Averaging

The investigation into flow fields is generally turbulent. Hence, it is a challenging task to resolve
the flow with all details — in other words, with all physics. Observing an arbitrary flow field, figure
9.1, we can analyze that the flow has a deterministic character. That means the flow pattern is
chaotic. It can be prescribed using a time-independent mean value ¢ and its fluctuation ¢’ that
is oscillating around the mean value. This behavior is valid for each quantity we focus on like
Uz, Uy, Uz, Ty hy ¢ and so on; for figure 9.1, ¢ would be the velocity u (in one direction) and could

be expressed as:

o(t,z) = d(z) + ¢'(t,2) - (9.1)
Osborne Reynolds introduced several averaging concepts that are presented now:
e Time averaging ,
e Spacial averaging ,
e Ensemble averaging .

The time averaging method can be used for a statistic stationary turbulent flow (left figure
of 9.1). Defining the instantaneous flow variable by ¢(t,z) and the time averaged one by ¢(z)T,
the concept is defined by:

T—oo T

T
$(z)r = lim — /t (t, x)dt . 9.2)
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To get accurate results, T" should be chosen large enough compared to the time scale of the
fluctuation ¢’. That is the reason why we are interested in the case when T’ goes to co. As we
observe in the figure and in the equation, the averaged value is no longer time depended.

The spacial averaging method is appropriate for homogeneous turbulent flows. This leads
to a uniform turbulence in all space directions. Here we average over the volume. Renaming the

averaged quantity to ¢(x)v, we can write:

s = Jim - [ [ [ott.onav. (9.3)

The ensemble averaging method is the most general method. Think about a series of
measurement with the number of N identical experiments where ¢n(t,z) = ¢(t,z) at the n'®

series. The concept can be defined as follows; the averaged value is denoted by ¢(t, z)r:

N
3t x)e = Jim > onts2) (9.4)

For turbulent flow fields that are stationary and homogeneous, all three concepts are similar and

lead to the same result. This is also known as the ergodic hypothesis.

Mean value Mean value
Real value - Real value -

Velocity
Velocity

Time Time

Figure 9.1: Averaging of a statistic stationary (left) and statistic non-stationary flow (right).

The averaging method that we choose for further investigation is the time averaging method.
The reason for that is based on the fact that things can be described smoothly and precisely. Let

us focus on the left part of figure 9.1 first. By replacing the instantaneous variable in equation

(9.2) by the definition (9.1), we get:
_ BT
é(x) = lim 1 / [¢(z) + ¢'(t,x)] dt . (9.5)

We observe that the time averaging of the mean and fluctuation quantity leads to the mean

quantity again. Thus we can show that the time average of an already averaged mean quantity is
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the mean quantity again:
B t+T
¢(x) = lim —/ o(x)dt . (9.6)
t

In addition we can see that the time averaging of the fluctuation is zero. To demonstrate that, we

use equation (9.1) and replace the mean quantity on the RHS of equation by (9.6):

1 t+T , . 1 t+T _
Jim 7 [ = im 7 [ [oa) - o]
1 T T
= Jim /t o(t.x)dt — Jim /t B(x)dt
1 t+T _ , . 1 t+T _
= Jim [ @ o= tim [ G
—$(2) - (z) =0 . (9.7)

Some remarks of the validity of this method can be found in Wilcox [1994].
If we think about flows where the mean value of the instantaneous quantity is changing during

time (non-stationary flows, figure 9.1; right), we have to modify equation (9.1) and (9.2) to:

(;S(t,.%) = &(tv l‘) —|—<Z)/(t,l') ) (98)
.0 = gim % [ oty (99)

Some remarks and limits to equation (9.9) are given in Wilcox [1994].

Correlation for the Reynolds-Averaging

For the derivations of the Reynolds-Averaged conservation equations, we need some mathematic
rules. For now, we will use an overline to indicate that we use the Reynolds time-averaging concept

instead of writing the integrals.

Linear Terms

Applying the average method (9.9) to linear terms lead to linear averaged terms. To demonstrate

this, we will use two linear functions f(¢,z) and g(¢,x):

t+T t+T _
o= [ fea=g [ [few)+ st
- f(tax)+f/(t7$) = f_l(tvx)
N—— N —
Ttz =0
t+T t+T
g(t,z) = % / g(t,z)dt = % / [g(t, ) +g'(t,z)] dt

g(t,z) =0
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Note: The result can be time-dependent or not. This behavior is related to the problems we are
looking at. For stationary problems, we will end up with f(z),g(x), whereas for non-stationary
problems, we get the terms we derived above.

If we have the sum of two linear terms f(t,z) + g(t, z), we get:

t+T
o Tgta) = & / [F(t.2) + g(t, o)) di

T
- tHT Flta)dt+ 7 /t gty
_1 o [f(t,z) + f'(t, )] dt + l/HT [g(t,x) + g (t,x)] dt
T/, ’ ’ T/, ’ ’
= f(t,2) + f4T) +g(t,x) +945T)
= ft,z) +g(t, ) . (9.10)

Averaging linear terms end up with the same linear terms but now with the mean quantities. The

fluctuation terms will vanish based on the proof we did above.

Non-Linear Terms

If we focus on non-linear terms like f(¢,x)g(t,z), we produce new additional terms during the
averaging procedure. To demonstrate this, we will use the above term and average it. What we

get is:

t4+T
feogto = [ ool

1 t+T B ) i /
_ T/t [{F(t2)+ £ (t,2)} {3t 2) + ¢/ (t,0)}] dt
t+T )
- %/ﬁ [f(t,2)g(t, x) + f(t,z)g (t, )
+f,(t7 z)g(t, ) + f/(t7 l’)g,(t, .Z')] dt

= f(t7 iﬂ)g(t, :L‘) + JF t, I)

+ flt)g(E o) + f/(t x)g' (t ) . (9.11)

Rewriting the whole equation, we get:
Ft)g(t, @) = f(t,2)g(t, =) + f'(t,2)g'(t,2) (9.12)
N—————
additional terms

The reason why the second and third term cancels out is related to the fact that the fluctuation
is linear in these terms, and hence, equation (9.7) is valid. For the last term, there is no reason

for the product of the fluctuations to vanish.
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Constants

Finally, the Reynolds time-averaging concept does not affect constant quantities. Defining an

arbitrary constant a, we get:

af(t,xz) = = af(t,z)dt

I
Q
\
=
=
S
8
&
+
il
=2
8
-
Q.
~

— af(tx) . (9.13)

9.2 Reynolds Time-Averaged Equations

The Navier-Stokes equations give us the possibility to resolve each vortex and hence, all flow
phenomena. Applying the equations to turbulent flow fields is a hard and challenging topic that
requires extreme fine meshes and time steps and leads to high computational costs. Furthermore,
engineers are commonly only interested in some averaged values and on some special physics.
Hence, there is no need to resolve all the details. Thus, we use the Reynolds-Averaging concept to
simplify the flow equations; in other words, the whole turbulence behavior is approximated with
models.

Considering incompressibility, the Reynolds time-averaged equations can be derived relatively
easily compared to compressible flow fields. This will be discussed using the mass conservation

equation now.

9.2.1 Incompressible Mass Conservation Equation

The start point for the derivation is the compressible mass conservation equation (2.12) in the

form of Cartesian coordinates:

9p  Opus) | Opuy) | Opuz) _ (9.14)

ot or oy 0z

Assuming incompressibility of the fluid, we are allowed to put the density out of the derivatives;
the time derivative will vanish, and we end up with:
auz a'lLy auz

P ox +p87y+p8z

=0. (9.15)

Replacing the values u; by the assumption (9.1),

Oty + u,y oty + u, o(u. + ul,
p(u+u)+p(uy uy)+p(u+u)

= .1
Ox Ay 0z 0, (9.16)
and apply the Reynolds time-average concept,
— 7 8 7 / 77 !
pB(ux—&—uz) +p (ty + u) +p8(uz+u2) —o, (9.17)

Ox dy 0z
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we get the time-averaged incompressible mass conservation equation:

Otz Oty ou. _
P oy +p87y+p8z =pVeU=0]. (9.18)

Of course, we are allowed to divide the whole equation by the density.

9.2.2 Compressible Mass Conservation Equation

Doing the same average procedure with the compressible mass conservation equation leads to a

more complex form because we also have to consider the density as a varying quantity. It follows:

@ + 9(puz) + 9(puy) + 9(pus)

ot on ay 9z 0 (9.19)
(+p) | OB+ ) aa+up)] | 9P+ ) (ay +uy)
+ +
ot ox dy
AP+ o) (@ +ul)]
+ o =0, (9.20)
0p+p) O+ o) +uy)] | 9+ ) @y +u)]
+ +
ot ox oy
A[(p+p') (s +ul)]
+ e =0, (9.21)
0, Opls + pitl + P + ') | 0Dty + oty + 5Ty + p'uy)
ot ox oy
| 9(pu +%gz;7ﬁz TP o 92

9 O(pta + p'ut) 9(puy + p'uy) | 0Pt + p'ut)
ot ox Oy 0z

0, 0 7

En + B2, (pus + p'ul) =0. (9.24)

Introducing a vector that contains the fluctuations of the velocities ul,, uy, u’,

=0, (9.23)

U =(u,]|, (9.25)

we can rewrite the Reynolds time-averaged compressible mass conservation equation in vector
notation:

aﬁ T 1T ) —
aJrv.(pUerU)_o. (9.26)

Since we have two quantities that have to be averaged, we get non-linear terms, that lead to

new unknown p’uj. Due to this behavior, we will investigate into incompressible flow fields first.
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Averaging the compressible equations will be discussed in section 9.13.

9.2.3 Incompressible Momentum Equation

The derivation of the time-averaged x-component of the momentum equation will be discussed
now. For the derivation, we will use equation (5.7) and assume the incompressibility of the fluid.
For the y and z components, the equations (5.8) and (5.9) have to be used. Because the derivations
are identical, we only give the final equation for y and z without all steps. The x component is
now analyzed and averaged in detail.

z-Component of Momentum

The incompressible momentum equation for the z-component is given by:
2u =— 2u Uz + gu Uz + gu U
Potte = 7 \Pag tetie T Py, tvtie T Py, tzte
0 ou 1o} ou ou
B ) R A 2
(o 5] v o [ (5 + 52) (927
n o | (Ous 4 Oug _Op n
0z | "\ ozr " 02 ox P9

This is the start point for the procedure. The first step is to replace the velocity quantities by

equation (9.1) and apply the Reynolds time-averaging concept. For clearance, we will examine

each term separately. Starting with the term on the LHS, we get:

0, _ N0
pa(ux +ul) = Pople - (9.28)

The first term on the RHS ends up as:

9 .- V(77 / g 7 1\(7 ’ g 7 "N(ii /
(P (e ) )+ p iy )0+ ) + (0 ) 1+ 02))

To simplify the terms, we focus on each term separately. Therefore we get:

e T
P a4 )l + ) = oo [Tty + ety + T + WL

9 o - 9 RTR

0 o
Py (T + )@ + ) = P (@ + Bl + s + Wit

9 Ty 9 ETA

6 -~ / = Y — g = = = 7 7 ol
paz(uz + ul) (e + up) = Pas [uzux + U, + Yty +uzuz]

9 0 ——r
= pgp(uzux) —&-p&(uzuz) . (9.31)
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Finally, the first term on the RHS can be written as:

o, 0 META 9

~ (@) + o ) + g (0)
O )+ 02 (a.a 9 arar

+p87y(uyux) + paz (uzuz) + paz (uzux)) .

After sorting the terms, we end up with:

o o, 0 ,_ _
- <P%(uxux) + P%(Uyuw) + p@(uzuz)>

identical convective terms

additonal terms; Reynolds—Stress

The second term on the RHS of equation (9.27) will be discussed now. The term is given by:

_ g g Ouy +£ _ au$+% +ﬁ _ 3uz_’_8ugc
oz | Pox | Tay | "\ oy T o 0z | "\azr T a2

Term 1 Term 2 Term 3

By analyzing term one to term three step by step, we get for the first one the following expression:

7] Otz tuf)] 0 [  OUa
oz {_QNT] Oz [ 2 ax} ’ (9:82)
for the second one this expression:
o[ Ot +ul) | OUy +uy)\] 0 Oty Oty |
@_N T e )| Tay |\ Gy ta )] (9:33)
and for the third term this one:
9 [ (0. +ul)  Oue+up)\| _ 9 [ (0.  Oug\]
0z | ,u( oz * 0z | 0z | "oz T oz ' (9:34)

Finally, after combining all three parts, we get the following expression for the second term on the
RHS of equation (9.27):

_ ﬁ_Q Oty +2_ 8ﬂx+8ﬁy +g_ 8ﬂz+8ﬂx
Ox M ox Oy b Oy Oz 9z | " or Oz ’
After we analyzed the first two terms, we will investigate into the last two terms on the RHS
of equation (9.27). It follows:

_dp o(p+p) _ Op
e e TR (9.35)

+pGs = —

Now we can rewrite the z-component of the momentum equation (9.27) as Reynolds time-averaged
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r-momentum equation:

D e = — (0o tie + P i + P
Pagt= = 7 \Pogtelte T Py tvtia T Py Uslia

(
(el g )] e

If we apply the same procedure to the y and z component of the momentum equation, we get
the Reynolds time-averaged momentum equation for the y and z components, respectively. These
three Reynolds time-averaged equations are then called Reynolds-Averaged-Navier-Stokes equa-
tions (RANS).

y-Component of Momentum

0

Dty = (02 Bty + pltyy + potet
Paty* pammy Payyy 98Z2y

xT

0 —— 0 ——- 0 ———
- <p*(u;u;) + pafy(u;u;) + pg(u;u;))

B B B (9.37)
_ 0| 5,0 9 (O  Oly
Jdy H dy oz | TH oy or
+2 _ du + % _ @ +
9z | M dy 0z dy P9y
z-Component of Momentum
gﬂ — gﬂ U, + UyUz + U U
pat z pax x z pa Yy z pa z z
8 7 il 2 SWIA g YA
~ (pge ) + 0 @) + 5 D))
B B B (9.38)
_Jo _9 O +g [ Oug n O
0z "2 or | M\ oz ox

+g _ %_}_6’7@ _@_’_
ay | "\ a2 T By 8z T P9

If we are using the vector of fluctuations U’ (9.25), the definition of the deformation (strain)

rate tensor D (5.11) and taking the convective terms to the LHS, we can rewrite the averaged

momentum equation in vector form as:

pgﬁ +pVe(U®U)=Ve (2uD)-Vi+pg —pVe(U aU)|. (9.39)
o Reynolds—St 5
T eyno S— resses ot

Same as equation (5.13) (with p=const.)
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D defines the Reynolds-Averaged (mean) deformation rate tensor, ¥ the mean shear-rate tensor
and the last term the Reynolds-Stresses, denoted as Reynolds-Stress tensor &; in many literatures
we will find the greek symbol T+ to express the Reynolds-Stress tensor — this is omitted here because
otherwise, we are not able to show the analogies between the real stress tensor o (Cauchy stress
tensor) and the Reynolds-Stress tensor o clearly.

The Reynolds-Stress tensor &+ is defined as:

! / / / / / o ~ -
pulul, pul,ulb, pulul, Otpw  Otyw  Otug
= p— Ia)] — ! / / / / / — 7 el T
oy = —puju; = | —pubuj puyuy putuy | = [Ft,, Oty, Ot | - (9.40)
/ / / ’ ITU - e~ -
pulul, pug,ul pulul, Gtp. Oty Ot

After we introduced the Reynolds-Stress tensor, we can rewrite the momentum equation in a more

general form:

p%ﬁ—!—pVo(ﬁ@[—I):Voi’—Vﬁ—i—pg—O—Vo&t . (9.41)

Finally, we will use the relation between the Cauchy stress tensor, the shear-rate tensor and the

pressure (6.7). Hence, we end up with the following equation:

p%ﬁ+pVo(ﬁ®fJ)zVo&+pg+Vo&t . (9.42)

In section 2.2, we already showed and discussed that the vector form results in the Cartesian one.
In the above equation, there is only one term left that we should transform to demonstrate that
each term of the vector form represents the corresponding term in the Cartesian equation. Hence,

we will only investigate into that one. The Reynolds-Stress term can be rewritten as:

a% u, ul,
—pVe (U U’ )=— % . uy | ® | uy (9.43)
% ul, ul,
EE wpd, by, bl
=—p|Z || |uviur wiuy wpul (9.44)
ai uLuy  uLuy  uLul
_ [Pa% (uzum) + pay (uzuy) + paz (u;ug)] of £ — mom.
!
= | = g (Wuz) + pgy (wyui) + oz (wyul)] [ =4 of y— mom. (9.45)
_[paay (wlul) + p gy (uluy) + paz (“/“/)] of z — mom.

As we can see — and already knew —, the terms are equal. In most literature, we will find the
Reynolds time-averaged momentum equations in Cartesian form using the Einsteins summation

convention. This lead to the following equation:

27, i _ _8%1»]»_ op 0 [(—
Port T P oy, (W) = 5o = gy T P9 T Py, (#5) |- (9.46)

Furthermore, sometimes the Reynolds-Stress term is put into the convective term on the LHS.
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Hence, we get:

pgﬁ- + pi (a-a- + u'-u’-) =
ot " ox; \ vy

87:ij

a ij

op
6@

+ pgi

71

(9.47)

The derivation of the Reynolds-Averaged momentum equations is done. The boxed equations
above are known as Reynolds-Averaged-Navier-Stokes equations (RANS).
Note: It should be evident that we can put the density in or out of the derivatives (it is a

constant if we use the assumption of incompressibility). Hence, this formulation is also valid:

gpﬂ' + 9 (pﬁ-ﬂ- —|—pu4u’-)
ot" " Oxy Y v

op
&Ti

_ 0Ty

o 6.’Ej

+ pgi (9.48)

Additionally, it should be obvious, that we are allowed to divide the equations by the density p.
For that, we have to be sure to have the right quantities for the pressure and the dynamic viscosity
. The dynamic viscosity will become the kinematic viscosity v and the pressure is divided by the
density. Furthermore, we can think about the gravitational acceleration term pg;. If the density is
constant, this term gets constant and can be neglected because it will not change the momentum
in any case. If we still want to have a buoyancy term within the incompressible equations, we

need to use some models like the Boussinesq approximation.

9.2.4 The (Incompressible) General Conservation Equation

After we derived the RANS equations, the derivation of all other conserved equations like the
enthalpy, temperature, or species equation can be done with the same procedure but is not demon-
strated now. As we already know, we could use a general conservation equation to derive other
equations. Therefore, we will derive the Reynolds time-averaged governing conserved equation
(3.1) for incompressible fluids without any source terms. Hence, the starting point is:

0

time accumulation

= —p Ve(Up) + Ve(DVe) (9.49)

convective transport diffusive transport

To show the transformation to the Reynolds time-averaged equation, we will transform this equa-
tion into the Cartesian form first by using the mathematics (1.17) and assume that the diffusion
coefficient D represents a vector; like different thermal diffusivity coefficients in the three space
directions (otherwise the derivation get simplified and is not worth do show):

0 0 0 0
i =~ (e + 0 0s) + p - (0:0))
0 0 1o}
(252) 3

9
0z

9¢
D. &) . (9.50)

ox

(
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The next step is to use the expression from equation (9.1) and apply it to ¢, uz, uy and u, — keep

in mind that D are constant values and are not influenced by the averaging procedure. It follows:

G+ == (og: (@ + )G+ >]+p8 [y +1)( + 6]

¢
4 g (@ + )G+ 9)]) + o (Dege(G40)
+ 2 (D266 + 2 (D@((Ew’)) . (9.51)

To discuss the Reynolds-Averaging procedure, we will analyze each term separately of equation

(9.51). Therefore, the time term results in:

7 — 9 -
pat(¢+¢>) Poe? - (9.52)

The first term on the RHS,
8 — ! n / 6 — ’ n !
- <P% (e +uz) (9 +¢')] + P@ [(@y +uy) (¢ + ¢")]
8 — / 7 U
+P$ [(@. +u)(d+ ¢ )]) ,

will be split to enable analyzing term by term. It follows:

p(% (@ 4+ ul) (¢ +¢)] = p(% [(uxcb + T d + U+ Uy )]

P (120) + o (PF) . (9.59)

o [y + )6+ 9] = 2 [+ 0 + w4+ 0,57

PN Q—
=g, W®) +rg (4, (9:54)

9 - AYS N — 9 TPy = A ! A PV
P55 (@ +ul)(¢+¢')] = e [(Uz¢ + Uz + ule +uld )]
9 - 9 mra
Hence, the first term on the RHS after sorting is:

(P @)+ g W) + g (08) 4 05 + 9 () + 3D

The second, third and fourth term on the RHS will end up as:

g0
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9 N =9 (p 92
(ngere) =2 (052, (9.57)
9 9 4 / — g 87(5
P (Dz$(¢+¢ )> =2, (Dz 82) . (9.58)
To sum up, the general Reynolds-Averaged conservation equation can be written as:
0 - o, _ - o, - a9, -
pi = (ra (o) +pa—y<uy¢) +oi(ad)
L9 (p 2\ 9 (p 99 2
* e ( & ) By (Dya )+8z (Dzaz) , (9.59)
1o} o}
~ () + 0 () + g )
turbulent scalar flux
and is given in vector form by:
o - o _ _
8—¢> —pVe (Ug) +Ve(DVh)— pVe(Uyg) (9.60)

same as before turbulent scalar flux

Equation (9.60) allows us to derive each Reynolds-Averaged conservation equation by replacing ¢
with the quantity of interest (analogy to chapter 3).

As we already realized, after deriving the Reynolds-Averaged momentum equations, we get
the same equations but with additional terms. These additional terms are called Reynolds-
Stresses for the momentum equations and are named additional turbulent scalar flux for all
other quantities. Finally — and if we want —, we can put the density inside the derivations, and

we end up with:

%péz ~Ve (pUg) + Ve (DVh)— Ve (pU) (9.61)

same as before turbulent scalar flux

Manipulating the equations should be familiar now. Thus, we can put the convective and the
turbulent scalar flux terms together. In addition, we add the arbitrary source term of ¢. The

resulting general Reynolds-Averaged conservation equation is then written as:

(9.62)

D 06+ V e (006 +pU5) =V o (DVG) + 5,

9.3 The Closure Problem

The Reynolds-Averaged procedure leads to the problem that we create additional unknown quan-

wiu, u} and —pu;¢’ are not known and

tities and no further equations. In other words, the terms —puju
cannot be calculated. Hence, the set of equations is not enough to close our problem, and we
cannot solve our system. This is known as closure problem. Therefore, we need approximations

that correlate the unknown with known quantities.
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Till today this problem is still not solved, and we do not have a set of equations to get rid of
the closure problem, and therefore, we are forced to use approximations, if we use the Reynolds
time-averaging procedure. The equations that are introduced by authors to get rid of the closure
problem are known as turbulence models. Within these assumptions, we try to correlate the
unknown quantities with known ones.

For the Reynolds-Stresses and turbulent scalar fluxes, we can use several theories that try
approximately the unknown terms. The most popular methods are the Boussinesq’s eddy viscosity,
the Prandtl’s mixing length, or the Von-Karmaén’s similarity hypothesis. Further information
about these theories (a concept of higher viscosity) can be found in Ferziger and Peri¢ [2008], Bird
et al. [1960], Wilcox [1994]. Keywords: energy cascade, higher viscosity concept, eddy viscosity,

dissipation, and turbulent viscosity.

9.4 Boussinesq Eddy Viscosity

The most used hypothesis is the theory postulated by Joseph Boussinesq that relates the turbulence
of a flow to higher fluid viscosity. The thought behind is as follows: If we have a higher turbulence
flow, the flow gets more chaotic, and we get many vortexes that can transport, for example, heat
in addition to the already existing transport phenomena. Therefore, it is clear and evident to say
that we could achieve that if we increase the diffusion coefficient (the viscosity in the momentum
equation) and keep the rest as it is. In other words, the molecular viscosity is increased by the so-
called eddy or turbulent viscosity. This assumption gives us the possibility to model the smallest
vortexes by using correlations and approximations and only resolve the larger eddies.

It is also possible to use the higher viscosity to describe or characterize the dissipation of kinetic
energy (per unit mass) of the turbulence into heat (the higher the viscosity of the fluid, the higher
the shearing and therefore, higher mixing rates — additional transport). However, this means
that a higher disspation of the kinetic energy into heat occurs. Hence, we also could describe the
theory vice versa: the higher the eddy viscosity, the higher the turbulence of the flow field.

Joseph Boussinesq related the Reynold-Stresses —pm to the mean values of the velocities

and the kinetic energy of the turbulence k as:

—F ou; , Ou; 2 - 2
— pu;u; = Ut (axj + axl — § (V L] U) 51]) - gp(sijk' 5 (963)
——— N—_——
e 2D- 2 t(D)I 2 plk
_ - 2 — 2
gy =2u:D — g tr(D)I — gpIk , (9.64)
_ _ 2
Gy =Ty — -plk . (9.65)

3
In the equations above, we can see, that the underlined term is identical to the shear-rate tensor
7, if we set the bulk viscosity x to zero; cf. equation (5.14) with the difference that we use
the turbulent eddy viscosity ps instead of the molecular viscosity p, hence we mark it with the
subscript t (7¢). In addition we can say that the turbulent Reynolds-Stress tensor ¢ equals to
the shear-rate tensor 7y and an additional term %péijk. This term is necessary to guarantee the

proper trace of the Reynolds-stress tensor &+ as mentioned by Ferziger and Peri¢ [2008] and Wilcox
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[1994].

One may think about the term %p&jk now. Where does it come from, and why is this term
necessary? As mentioned by Ferziger and Peri¢ [2008] and Wilcox [1994], this term has to be
added to get the proper trace of the Reynolds-stress tensor. To understand the meaning of the
additional term, we have to take the trace of the Reynolds-Stress tensor &+ and the shear-rate
tensor T4.

For that, we need to know the definition of the kinetic energy of the turbulence:

k= %u;u; = % (uhul, + uluy, +ulul) . (9.66)

New we need to take the trace of the Reynolds-Stress tensor & (9.40). It follows:

A T AT

tr(ay) = tr(—pujul) = tr | | —pubul, —pulul,  — pulu, , (9.67)
—pupuy  —puyul = pulul

= (pUR) + (—pyuy) + (~pual) (9.69

= —2pk

The result that we get is the following: The trace of the Reynolds-Stress tensor is twice the density
multiplied by the kinetic energy of the turbulence, —2pk, and can be validated by substituting k
by its definition (9.66):

1 - I _
— = — — (uLul, +uyuy, +ulul)| = (—pululy) + (—puyuy,) + (—pulul) . .
zpk 2p 2 / / {y gj / / p / ! p ; ;} p / / 9 69

tr(ot)

We demonstrated that the trace of the Reynolds-Stress '+ tensor has to be equal to —2pk. There-
fore, the trace of the RHS of equation (9.65) has to be equal to —2pk too. Otherwise the equation

would not be correct in the mathematical point of view. Thus we get:

tr(ay) = tr (ﬂ — %pIk) = —2pk , (9.70)

tr(ay) = tr (Z,utf) — %Nt tr(D)I — ;;;Ik) = —2pk . (9.71)

If we use the definition of the deformation rate tensor (5.11) with respect to the mean quantities
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and apply the transformation (8.9), it follows:

tda):u(2m{l[V®044V®tnﬂ}—gudv-tnl—§Mk>,

2 3
——
Term 1 Term 2 Term 3
T
o] 9 =
EzS Ua Er Uz
— 2] = 9 —
=tr| p o | © | | T oy | @ |ty
a9 = o] =
B2 Uz Er z
Term 1
iy Oty da
9 22 + 3y T a2 aO 0
Oy u ou
Mt 0 ;; + o ;o ;zz 0
3 . ou ou ou
x Y z
0 0 oz + oy + 0z
Term 2
“Zpk 0 0
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Term 3

Applying the dyadic product rule (1.12) to term 1, add both matrices and multiply everything by

the eddy viscosity, we end up with term 1 as:

ou ou ou ou ou ou
iy ral Lyl L -

du. ou Ou, ou ou ou
Ht a:f + Ht 3; Ht ayy + it ayy e ayz + Ht azy

ou ou
Mt c?zz +'LLt Bzz

, )
s e S
Since we are only interested in the main diagonal elements (trace), we consider these terms for
now. The matrices of term 1, term 2, and term 3 have to be summed up, and the trace operator

has to be applied. It follows:

_ 2 _ Oty  Ouy  Ou. 2
tr (Tt N gpIk) =2 { ox + y * 32] 33“t

Oty | Ouy | Ous
ox oy 0z

Term 1 Term 2

— ?%pk = —2pk . (9.73)

~——
Term 3

The result of the trace operator to the Boussinesq hypothesis is —2pk. Hence, the trace of the
RHS and LHS of equation (9.63) is equal. If we would remove the term —%pdijk on the RHS of
equation (9.63), the trace of the RHS would not be equal to the trace of the Reynolds-Stress tensor
o+ and hence, the Boussinesq eddy viscosity assumption would be wrong because T is traceless,
cf. chapter 6.
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Forums Discussion

It is worth to mention that many people were asking about the term —% pdijk in public forums.
Finally, we cannot find this term in OpenFOAM® | which is related to a straightforward correlation
that is given below. For those who are interested in the discussion on cfd-online.com, you can go
to: www.cfd-online.com/Forums/openfoam-solving/58214-calculating-divdevreff.html.

Keep in mind that this thread can confuse because only the last posts are correct, and as
Gerhard Holzinger mentioned, the term is put into a modified pressure and is not neglected in

OpenFOAM®. How this is working is given on the next page.

Analogy to the Cauchy Stress Tensor, Shear-Rate Tensor and Pressure
Comparing the last derived equations with those of chapter 6, it is obvious that there are similar-

ities. Analyzing equation (6.7) and (9.65), we can evaluate the same kind of behavior:

o — T + —pl . (9.74)
—

pressure (=trace)
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8[_]+pVo(I_J®I_J):Vo<|:M1{2D—§(Vo U IH

P& )
+ {ut {2D - % (VeU) IH) +pg—Ve(pT), (9.81)
0004V e(Ue0) =V ([,HM {QD— . (v.ﬁ)l}) bg—Vew'T).  (982)

Introducing an effective viscosity pes that is simply the sum of the molecular and turbulent (eddy)
viscosity:

Heft = 1+ [t (9.83)
we can rewrite the Reynolds-Averaged-Navier-Stokes equations, that include the effective viscosity

and a modified pressure field p* as:

9 - - ) 9 ) |
é()*//)U +Ve(pU®U)=Ve </mr {QD —3 (V OU) I} > +pg—Ve(pT), (9.84)
9 T L Ve (nITTIN) = Ve /) D 2., /’r-fT\T\ o — T e (1T (0 RE)
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9.5 Eddy Viscosity Approximation

The Boussinesq theory allows us to eliminate the Reynolds-Stresses with known quantities. How-
ever, we get new unknown quantities like the eddy viscosity p: and the kinetic energy of the
turbulence k.

Wilcox [1994] listed plenty of theories and models that relate the eddy viscosity to known
quantities. Commonly the turbulent (eddy) viscosity is characterized by the kinetic energy of the
turbulence k and a characteristic length L. Furthermore, the kinetic energy of the turbulence can
be related to a velocity ¢ = V'k. These two values enable us to derive a correlation between the
velocity ¢ (kinetic energy of the turbulence k), the characteristic length L, and the eddy viscosity.

The assumption that was invented is:

= o] o

The parameter C, is a dimensionless constant. The challenge now is to relate the characteristic

length L and the velocity g to known quantities. This is done by using turbulence models.

9.6 Algebraic Models

At the beginning of computational fluid dynamics, the power of personal and supercomputers was
restricted. Therefore, it was necessary to have simple models that approximate the Reynolds-
Stresses pru;. These models commonly use the introduced Boussinesq eddy viscosity theory.
The estimation of the eddy viscosity pt is done by using algebraic expressions. A few models are
described in Wilcox [1994] chapter 3. Algebraic models can be used for simple flow patterns, but
hence, the flow is getting complex (imagine geometries in combustion, or even flow separation).

These models will fail and produce non-physical values for the eddy viscosity.

9.7 Turbulence Energy Equation Models

The most common approximations for the Reynolds-Stresses (finally to calculate the characteristic
length scale L and the kinetic energy of the turbulence k) are called turbulence energy equation
models. There are one-equation and two-equation models. Since we need the values of the velocity
q (=vk) and the characteristic length L, it is logical to use two-equation models, where each
equation models one parameter. Therefore, we focus only on this kind of approximation for now.

In general, the velocity q is calculated using the kinetic energy of the turbulence k. To evaluate
k we can make use of the already know relation between the trace of the Reynolds-Stress tensor
& and k, cf. (9.70). To get the equation of the kinetic energy of the turbulence k, we simply have
to take the trace of the Reynolds-Stress equation. How we get these equations are discussed in

the following sections.

9.8 Incompressible Reynolds-Stress Equation

To derive the Reynolds-Stress equation, we will use the Navier-Stokes equation (5.10) with bulk

viscosity equals to zero, no source terms and incompressibility (dilatation term is zero). The start
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point for the derivation is:

ou 00 [, (1 (o ou 1] o
Par T Pog, W) = g {2“{2 <8m]~ + m)” ow: (9:90)

To make life easier, we will split the convective term by using the product rule. Hence, we can

remove one term due to the continuity equation (non-conserved equation). We get:

8 8ui 8 fi
L (uju) = pu; 2L+ pu . 91
pawj (ujui) = pu; o1, pu o (9.91)

continuity

Replacing the convective term with the new form, put everything to the LHS and introduce

the Navier-Stokes operator A, we get:

Ou; Oui 0 1 (0u; | Ouy op _
Pot TP, T ba, [2“{2 (axj * axi)H g N (9-92)

It is clear that the Navier-Stokes operator N has to be equal to zero and thus we can write:

N(u)=0. (9.93)

With the new information, we are able to derive the Reynolds-Stress equation. In order to form this
equation we multiply the Navier-Stokes operator by the fluctuation with respect to the different
space directions:

wiN (uy) + ujN (u) =0 . (9.94)

The next step is to apply the expression (9.1) to the Navier-Stokes operator A/ (u;) and average the
whole equation by using the Reynolds time-averaging method (9.9). This leads to the following

equation:

wiN (ay + ) + N (a; +uf) =0 . (9.95)

This equation has to be evaluated to get the Reynolds-Stress equation. The derivation itself is
not a big deal but we have to have the feeling for different behaviors of the terms and hence, we
need to be familiar with the mathematics. In the following, we will give a brief summary of the
operations and relations and present the Reynolds-Stress equation without any derivation. The
full derivation of this tensor equation is given in the appendix in section 14.1.

Operations and relations

For the derivation of the Reynolds-Stress equation we need to build the following tensor equation
with formula (9.95):

U N (U + uly) + uyN (G + ul) + ufN (Ty + uly) + ulN (e + uly)

FupN (T + ul) + uyN (ay + ul) + N (Ge + uf) + uiN (2. + ul)
FuyN (@y + ) + wN (e + ui) + upN (Gz + ul) + N (ty + uf)
FuLN (G + ul) + ub N (Gz + ul) + wN (Gy + uly) + ufpN (e + ul)
+ul N (@, +ul) + upN(ay +uy) =0 .
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For the derivation we further use the following relations, rules and tricks:

e Reynolds time-averaged terms that are linear in the fluctuation are zero ,

. . dul;
e The derivative BZ? =0,
i

e Product rule (1.2) ,

e Adding and subtracting terms to be able to use the product rule; g(z) = g(z)+ f(z) — f(z) .

If we use these assumptions, we can derive the Reynolds-Stress equation. The result of the
derivation procedure is a more or less complexr equation. Hence, the Reynolds-Stress equation is

given as:

06y, OOy, _ 0u

8ﬁj 0 aa’tij
k - 14
at 6uk

=—0t;, 7 —Otinm T 75—
ik 6.’£k ik axk ka 8ack

—+ Cz]k) + €5 — Hij . (996)

After knowing the Reynolds-Stress equation, we are able to derive the equation for the kinetic
energy of the turbulence k. The Reynolds-Stress equation also gives insight into the nature of the
turbulent stresses and can be used to understand the turbulence in more detail or it can be used

for further investigations in deriving more accurate turbulence models.

9.9 The Incompressible Kinetic Energy Equation

The derivation of the kinetic energy equation of the turbulence (per unit mass) for incompressible
flows is straightforward after knowing the Reynolds-Stress equation due to the fact of the relation
given by equation (9.66). To get the equation, we have to take the trace of equation (9.96). It

follows:

¢ 85%-,- B a5tij
' 8t +u,€ auk

. _ o0u; _ (’)ﬂj 0 85’ti]-
=tr { Utjk 871316 Ut'ik aiqjk +4 Txk (I/ a:pk =+ ka =+ €ij H” . (997)

After applying the trace operator to each term we get:
For the time derivation we get:

95, 95y,, 00, . 06, oul,ul, Ouju), Aulul,
tr{ ot } I T T B T G TR R TR (T,
= —p% (uhul + upuy, +ulul) = —Qp% . (9.98)

(9.66)—2k
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If we apply the trace operator to the convective term, we get:

00, . 0o 8 0
tr{ﬁk4t1ﬂ } = gy ey g, oy g, POtes

du Ouy, " Ouy Ouy
= —puk 8% — puk agi:/y — pu Bg
= —pﬂkaiwc(u;ug + upul, + ulul) =| —2ptug aafk . (9.99)
The first and second term of equation (9.96) lead to:
tr {—atjk% — Gy, 37122} =Gy, g%; — Gy, g—gz 2pulul; g"; . (9.100)

The first part of the third term results in:
0 0ay,; 1o} Ja, d G 0 0a+
t o ij - Y zz v yy v 2z
r{&rk (V oxy, )} oxy; (V oxy, ) + Oxy, (V oxy, ) + oxy, (l/ oxy, >
_i V@u;ug _ i V@u;u’z _ i V@u’zu;
8xk P al'k &m p 8xk 8xk p 5‘:ck
1o}

_ v 0 (u/u/+u/u/+uu/)
T Oz 895

_| 59 (u%> . (9.101)

8Ik E)ack

The second part of the third term, C;ji, results in:

0] 0 [ —— 7] 7]
tr {8 pulul b, u a— [p u}0ik + P uiéjk]}: a1, A PUGU; 1+28—pu . (9.102)

The evaluation of the second term that includes the pressure can be done in an easy way. It is
merely twice the trace of one of the terms. The first term is a third rank tensor T2, and the
trace results in the underlined term on the RHS. This can be demonstrated by analyzing the first

entries of the third rank tensor:

U /! / / / / U ! /
PUg Uz Uy puzuzuy PU Uz U
/ !yl — / / / / / / ’ / / — / Lol
tr (puzujuk) =tr | puLujul PULUL Uy puluyul | = puzuiu; . (9.103)
PUm U Uz PUz U Uy puz UL U,

In a similar way to Cjjx, the term €;; can be manipulated. Thus, we get:

ou; 8u oul;
tr{Z Wt 8xk} 2ugtot]. (9.104)
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The last term of equation (9.96), I;;, is zero due to the fact that 5+ 8“ =0

o 8/ 8’&; o, 6;+8;
axj axi -r %jx x

8/ a/ 8/ a/
+p ZfZJr% +p’%+%}:0. (9.105)
y By PRVZ:2

If we sum up all terms, we get the kinetic energy equation of the turbulence, k, for incompressible
fluids:

— 2% _opu O g 9% 9 (, Ok
8t P kc’)uk =P kaxk al'k ’ué)xk
0 au ou};
+ a—pu] g 25 - e Dx (9.106)

Finally, we divide the whole equation by —2 to get the final form of the incompressible kinetic

energy equation:

Ok a9k _ _ orrou 8 ( Ok
Pt TP % Gur = P o T 0z \H o
—_———

P
0 0 — au ou),
——Bu}ugu; — 5P - . (9.107)
oz 2 ox; &ck Oz
—_——
turbulent diffusion dissipation e

If we merge the terms that include the turbulent diffusion, use the term Pj, that denotes the
production rate of the kinetic energy and the acronym e, we end up with the ordinary kinetic

energy equation as:

0k Ok i( 8k)

+ - Ba:k

9 1p
P, — — Ll — €. Nl
8t auk 9 + Py [ Z—l—pu} € (9.108)

Ozy

The production rate and turbulent diffusion term has to be modeled. For the turbulent diffusion

quantity we use the assumption that the diffusion is based on the gradients:

[g W 1ul+pu} z%%. (9.109)

Here, Pry; denotes the turbulent Prandtl number and is assumed to be one. In literature, it is

common to denote the turbulent Prandtl number by o). Since we use sigma to describe any stress
tensor, we avoid the usage of another sigma quantity here.

The production rate is modeled with the assumption given by equation (9.63), but with the

difference, that we do not need the term —2pk; Recall: This term was just added to equilibrate

both sides. Hence, the production rate term is given by:

ou; 6ﬂj> ou; (9.110)

___u,
Pi = —pui 5e, “°(67j+axi oz,
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The dissipation e that describes the transfer of the turbulence into internal energy (a better
description given in the next section) is coupled to a characteristic length scale L.

Recall: After we derived the RANS equations, we figured out that we need to calculate
the Reynolds-Stress tensor &¢. To get this value, we introduced the Boussinesq eddy viscosity
hypothesis and related the eddy viscosity ut to a characteristic length scale L and a velocity q. Up
to now, we eliminated one unknown (¢ = \/E) by using the kinetic energy k, but we also introduced
a new unknown quantity, the dissipation e. Thus, we still have two unknown, the length scale L

and the dissipation €. The good thing is that both quantities can be related.

9.10 The Relation between ¢ and L

The common equation that is used to estimate the length scale L is based on the observation that
the dissipation phenomena can also be observed in the energy transport. In fluid flows which are
in a so-called turbulent equilibrium, it is possible to derive a relation between the kinetic energy

k, the length scale L and the dissipation e:

e

k2
=

ER

(9.111)

The idea behind this relation is the so-called energy cascade for high turbulent flow fields (high
Reynolds numbers). The concept can be described as follows: The kinetic energy of the turbulence
is transformed from big scale eddies to small scale eddies. If we reach the smallest scale (these
vortexes are named Kolmogorov vortexes), the viscous effect will transfer the energy of motion

into internal energy. This phenomenon is called dissipation.

9.11 The Equation for the Dissipation Rate ¢

To calculate the length scale L and close the equation for the turbulent energy k, we need the
equation for the dissipation e. This equation can be derived by using the Navier-Stokes equation
(like we did for the Reynolds-Stress equation) but due to the fact that most terms on the RHS
have to be modeled, we should describe this equation more like a model than an exact equation.
Hence, the complete derivation is not shown. In general we are using the following equation for

the dissipation e:

Oe _ Oe € €? 0 ue Oe
s O P - pC, e (B 112
P ot + P ox; Cer "k pCes k + ox; (06 ox; (9-112)

As we can see, the whole right side is more like a playground of parameters and assumptions
than a real fundamental equation. But the equation allows us to estimate the dissipation €. The
quantity can be used for the kinetic energy equation and allows us to estimate the length scale L
and hence, we are able to approximate the the eddy viscosity p:.

Now we can rewrite the Boussinesq eddy hypothesis (9.89) with the new quantities:

k3 k?
e = pCuVEL = pCu\/Eg = pCu? . (9.113)
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The model parameters of the equations above are:

C,=009, C,=144, C,=192, o.=13.

9.12 Coupling of the Parameters

As we could see in the last sections, turbulence modeling is a complex topic. The most comfortable
equations for the turbulence modeling were derived. Furthermore, we observed that all parameters
are coupled. The kinetic energy of the turbulence k, the length scale L, the dissipation € and the
eddy viscosity p.

There are a lot of more considerations that have to be taken into account if turbulence modeling
is used. Just think about the turbulence behavior close to the walls compared to the far-field.
Another example would be the turbulence modeling of flow separation. The section about the
turbulence model gave us a feeling that the topic of turbulent flows is exceptionally complex. A
lot of research was done, and till today the turbulence has still to be modeled and can only be
applied and resolved with all details for a couple of problems.

In the literature, we will find different equations that give reasonable results for a special kind
of problem(s). Useful references for further investigations into the turbulence modeling are the
books of Ferziger and Perié¢ [2008], Bird et al. [1960] and Wilcox [1994].

9.13 Turbulence Modeling for Compressible Fluids

As already discussed during the Reynolds averaging procedure for the incompressible mass con-
servation equation, the varying density has to be taken into account during the derivation for

compressible fluids. Therefore, we get:
p=p+p . (9.114)

This lead to more unknown terms that will make the problem even more complicated; compare
the already derived Reynolds time-averaged compressible mass conservation equation (9.24) which
is given again:

op

9 - 7o)
i+ pu)=0. 11
t+ - (pu; + p'ul) =0 (9.115)

Here we need approximations for the correlation between p’ and u}, which is vanishing for incom-

pressible fluids. If we go further and think about the momentum equations, we can imagine that
things get even worse.

To get rid of the additional correlation between p’ and u}, we introduce a mathematical method
suggested by Favre. This concept is based on mathematics and, therefore, not physically correct.
What we do is simple. We add a mass-averaged velocity field ;, that is defined as:

1 t+T

u; = = lim p(t, )u(t, z)dr . (9.116)
p T—oo ¢
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Here, p denotes the Reynolds time-averaged density, and the tilde above the velocity u; marks
the quantity to be Favre averaged instead of Reynolds averaged. In terms of the Reynolds time-

averaging procedure, we are allowed to say:
pu; = pu; . (9.117)

To show what happens here, we will expand the RHS:

piti = (p+ p) (Wi + ul) = it + pi. + P40 + p'ul, = piis + p/u - (9.118)
If we use this expression for equation (9.115), we end up with:
op 0

(pii;) =0 . (9.119)

This equation looks just similar to the laminar mass conservation or the Reynolds time-averaged
equation. Wilcox [1994] explained this kind of averaging as follows:

> What we have done is treat the momentum per unit volume, pu;, as the depended variable
rather than the velocity. This is a sensible thing to do from a physical point of view,..<.

If you are interested in to that kind of averaging, a lot of information can be found in Wilcox
[1994] and Bird et al. [1960].

Note: The key argument to use the Favre averaging procedure is to simplify the averaging
method and get rid of additional correlations that have to be modeled. Hence, we end up with the
same set of equations for incompressible turbulent flow fields, but now we use the Favre-weighted

quantities.
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Chapter 10

Calculation of the Shear-Rate Tensor in
OpenFOAM®

In this chapter we discuss the implementation of the calculation of the shear-rate tensor 7, T+ or
#, which represents the real, Reynolds-averaged or Favre-averaged quantities. In OpenFOAM®
the shear-rate tensor is calculated by calling the either the function divDevReff for incompressible
or divDevRhoReff for compressible fluids.

The discussion is based on OpenFOAM® version 7. Be prepared that the code can look
different in former versions. The reason is related to code maintenance and improvements as well
as sustainability. The following chapter discusses the shear-rate tensor for liquids with a linear

viscous stress relation named Newtonian fluids.

10.1 The incompressible Shear-Rate Tensor (divDevReff)

For incompressible fluids, the momentum equation that is used in OpenFOAM® can be analyzed in
the UEgn.H files of e.g. pimpleFoam, pisoFoam, simpleFoam. The c++ code of the momentum

equation is presented in the code snippet above:

tmp<fvVectorMatrix> tUEqn
(
fym::ddt (U) (I)
+ fvm::div(phi, U) (I1)
+ MRF.DDt (U) (I11)
+ turbulence->divDevReff (U) (IV)

fvOptions (U) )
by

Listing 10.1: $FOAM_SOLVERS/incompressible/pimpleFoam/UEqn.H

There are different numerical terms included inside the matrix which are marked by using the
symbol (I) to (V). The first term (I) is the time derivation. The second term (II) represents the
convective term. After that, an additional correction term (III) is added due to the usage of the
Multi-Reference-Frame (MRF) assumption; this term is zero if no MRF approach is used in the

simulation. The next term (IV) is related to the the shear-rate tensor and finally, we see the last

87
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term (V) that handles additional sources/sinks/manipulations that act on the equation. The last
term is controlled with the fvOptions dictionary in the system folder.

For now on, we only focus onto the shear-rate (diffusion) term (IV) turbulence->divDevReff (U)
and its implementation.

First of all, we will discuss the meaning of the name divDevReff. The divergence of the
shear-rate tensor is equal to the divergence of the deviatoric part of the stress tensor o. The R
comes from the Reynolds-Average approach. An additional Rho defines if we are using a density
based or non-density based solver. Finally, we calculate the effective diffusion transport which
includes laminar and turbulent transport phenomena. Therefore, we get the name divDevReff
for incompressible and divDevRhoReff for compressible fluids. The equation below gives the

mathematical expression:
Ver=Veo' (10.1)

The analysis of the c+-+ function can be checked with the source code guide named Doxygen

or directly in the source and header files of the code. For the following explanations, it is assumed

https://holzmann-cfd.de
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The new called function divDevRhoReff (U) depends on the transport model we are using.
Commonly, in engineering and in most scientific areas we are dealing with Newtonian fluids fol-
lowing the linear viscosity assumption. Hence, the turbulence models are then referring to the
linearViscouseStress class. Based on that, the function divDevRhoReff (U) calls the function defi-
nition in the linearViscousStress class. The code snipped is presented below.

Note, in the extended book (red color), there is a detailed explanation on how the turbulence

model class hierarchy is

template<class BasicTurbulenceModel >
Foam::tmp<Foam::fvVectorMatrix>
Foam::linearViscousStress<BasicTurbulenceModel >::divDevRhoReff
(

volVectorField& U
) const
{

return

https://holzmann-cfd.de
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The dev2 function thus calculates and returns the deviatoric part given as:

T =T — tr(T) . (10.2)

S O winv
O wiv o
wy O O

The Laplacian part
As before, the variables this->alpha_ and this->rho_ are equal to one. therefore, the second part

in the return statement of the divDevRhoReff (U) is simply the laplacian operator:

Ve (I/Cﬁ'v %) U)

Summing up

Adding the mathematical expressions into the analyzed c++ functions we get the following for-
mulation for the first part. The dev2 function returns equation ( ), that is similar to ( )

except, that the trace is further multiplied by the factor two. The argument of that function is

https://holzmann-cfd.de
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underbraced terms with their expressions, it follows:
2
— V7T =-Ve |2UgzgD — gl/eff(v e U)I| . (10.5)

As for each time step, the continuity should be fulfilled, the last term on the RHS vanishes and

we end up with the following incompressible shear-rate tensor equation:
— V7T =-Ve2upaD]. (10.6)

As we could see, the implementation of the shear-rate tensor in OpenFOAM® is correct and valid.
The sign difference in the equation refers to the position at the LHS in OpenFOAM® whereas in
equation (5.36) the shear-rate tensor stands on the RHS.

Stability

During the analysis of the c++ functions, we figured out that the term %1/(\11 tr(V®U) is included

in the calculation of the diffusion term of the momentum equation. As the continuity equation
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e The function call turbulence->divDevRhoReff (U) is similar to the incompressible one. The
only difference here is, that the divDevRhoReff (U) function is only implemented as virtual
function within the compressible class. Thus, we directly call the corresponding function in

the linearViscouseStress class.

e While calling the same function, the quantity this->rho_ is not equal to one anymore. Now

it represents the density field in the domain.

As shown in the previous section, the end equation that one can derive from the source code is
equal to equation (5.14). Thus, the correct mathematical expression for the shear-rate tensor in

density based solvers is correctly implemented in OpenFOAM®.

10.3 A Hint to Turbulence Models vs Laminar

If one runs a simulation case using the turbulence model laminar and recalculate the same case

while using a RAS model, e.g. kEpsilon and turning off the keyword turbulence off; within the

+119%117 o ~raDvrArnart < aa £1 +1 B 11+ 1A et have +A4 1 i SRR 1
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Chapter 11

The numerical algorithms: SIMPLE, PISO
and PIMPLE

Solving the Navier-Stokes equations requires numerical techniques to solve the coupled pressure-
momentum system. This is done by the well-known algorithms named: SIMPLE, PISO, and PIMPLE.
The different algorithms are based on various problems. Therefore, we will understand these
algorithms better after we introduced the difficulties that come into handy when we solve the
Navier-Stokes equations or any other coupled system. Further information about the algorithms
presented in this chapter can be found in Ferziger and Perié¢ [2008] and Moukalled et al. [2015]

Considering the general momentum equation (2.26) and applying the incompressible assump-

tion — the density is constant and can be taken out of the derivatives —, we get:
ou
pﬁz—pVo(U(@U)—Vor—Vp—i—pg. (11.1)

Note: In the equation above, the definition of the shear-rate tensor was not introduced. That is
why a negative sign is applied here.

Now, we divide the equation by the density p. Hence, T has to be expressed by equation (5.36),
thus, it follows:

%—?:—Vo(U@U)—VonCO—V%Jrg. (11.2)

Based on the fact that the density is constant, there is no need to solve the energy equation, and
we only need to solve the momentum equation. As we can see, there are four unknown quantities,
the pressure p and the three velocity components denoted by the velocity vector U. However,
there are four unknowns and only three equations (the momentum formulation in z, y, and z).
Therefore, we need an additional equation, which is the mass conservation equation (2.13). Based
on the fact that this equation does not include the pressure quantity, special techniques are needed
to solve the coupled pressure-momentum system. This is also known as the pressure-momentum
coupling problem.

The idea — to get rid of the problem — is to use the mass conservation equation somehow
and use its meaning to get a further equation that includes the pressure.

Thus, we apply the divergence operator onto the left- and right-hand side of the momentum

equation. After doing a semi-discretization, that means, we only discretized the time derivative
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while the space derivatives are kept in partial differential form, we can use the mass conservation
equation to eliminate terms and end up with the well-known Poisson equation for the pressure p.
The derivation is not presented in the green version of the book.

Now, there exist four equations for four unknown quantities. Therefore, the linear system of
equations can be solved.

In general, these equations are solved sequentially. That means that we solve for U, while
we keep all other variables constant. In other words, we first solve the equation for U, then for
Uy, then for U, and then we are solving the Poisson equation for the pressure p. It is worth to
note that the momentum equation does not have to be solved. It is sufficient to build the velocity
matrix and use it in the pressure calculation.

The strategy for the numerical algorithm is to find a pressure and momentum field that fulfills
the mass conservation equation.

The sequential solving procedure is achieved by using the algorithms mentioned above, namely:
PISO, SIMPLE and PIMPLE. As a simple rule (not valid all the time), we can say:

e SIMPLE := Semi-Implicit-Method-Of-Pressure-Linked-Equations.
In OpenFOAM® we are using this algorithm for steady-state analysis.

e PISO := Pressure-Implicit-of-Split-Operations.
In OpenFOAM® we are using this algorithm for transient calculation. The calculation is

limited to the time step which is related to the Courant number (Co < 1).

e PIMPLE := Merged PISO-SIMPLE.
The algorithm combines both algorithms (SIMPLE and PIS0) which enables the usage of
larger time-steps (Co > 1).

Note: There is a family of different algorithms available. For example, the SIMPLE algorithm is
not consistent in terms of the mathematical formulation. During the derivation of the SIMPLE
formulation, one term is neglected. Therefore, different algorithms were derived while the missing
term is approximated, and the formulation gets consistent again. These algorithms are known
as SIMPLER, SIMPLEM, or SIMPLEC algorithm. OpenFOAM® includes the SIMPLE and SIMPLEC

(Consistent) algorithms. An overview is presented in Moukalled et al. [2015].
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11.1 The SIMPLE algorithm in OpenFOAM®

Each SIMPLE based solver in OpenFOAM®, do not contain any time derivation in the equations. It
is worth to mention that the time derivation is a natural limiter for the solution. That means, for a
particular time interval of At, the solution can only move on by this time-step. Based on the fact
that we do not have the time derivation within that algorithm, we can only calculate the steady-
state solution. Regarding the missing natural limiter At and the fact that the SIMPLE algorithm
is not consistent, under-relaxation has to be performed to the equations and/or fields in order to
achieve stability and convergence. Otherwise, the solver might blow up while throwing a floating
point exception (dividing by zero), or the result does not represent a physical behavior.

While using the SIMPLE algorithm, the time-step At should be modified and set to 1 within the
controlDict file. Thus, the simulation time now corresponds to the numbers of iterations within
the SIMPLE loop. Changing the time step to other values will not influence the solution. The only
effect of changing the time-step in the controlDict will let us reach the pseudo end time faster
or not, and therefore, we are performing more or fewer iterations.

Of course, one may think that changing At affects the result, but this is not true if we reach
the steady-state solution at the end of the simulation.

For the SIMPLE algorithm it is important to estimate the relaxation factors for the field and

equation relaxation to reach

e numerical stability ,

e and a fast convergence rate .

If for any reason, the user sets tiny relaxation factors, the stability might be excellent, but the con-
vergence rate is prolonged. This increases the computational costs and might lead to a convergence

indication while the solution is not even close the steady-state value.

11.1.1 The SIMPLEC algorithm in OpenFOAM®

Since OpenFOAM® 3.0, the SIMPLEC algorithm is implemented and can be used in all SIMPLE and
PIMPLE operating algorithms. For that purpose, we have to add the special keyword consistent
true; to the SIMPLE or PIMPLE control dictionary as given in the fvSolutions file below.

SIMPLE
{

consistent true;
i
PIMPLE
{

consistent true;
¥

Listing 11.1: SIMPLE operating in SIMPLEC mode

As already mentioned in the previous section, the SIMPLEC algorithm includes the missing pressure
term, which is neglected in the SIMPLE algorithm. The added character C stands for consistent.
Using the SIMPLEC method will require more iterations for each single segregated calculation

step, but the convergence rate will increase drastically. The release notes report a speed-up of
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three times. Furthermore, larger values for the under-relaxation factors can be applied. It is
worth to note that the pressure field should not be relaxed too much. A relaxation factor of 0.95
is already considered small.

Note: Again, the consistent keyword can be added to the PIMPLE dictionary too, but will
only affect the algorithm, if we operate in the real PIMPLE mode. Otherwise, this keyword will not
influence the numerical calculation. The correct usage of the PIMPLE algorithm, will be discussed

later.
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11.2 The PISO algorithm in OpenFOAM®

The two main differences to the SIMPLE algorithm are the included time derivation term sand the
consistency of the pressure-velocity coupling equation. Based on those two additional criteria, we
do not need to under-relax the fields and equations but need to fulfill a stability criterion. Based
on the simulation type, we have to make sure that the so-called Courant number is not larger than

one. The Courant number can be imagined as follows:

o If the dimensionless number is smaller than one, the information from one cell can only reach

the next neighbor cell within one time-step .

e Otherwise, the information can reach a second or third neighbor cell, which is not allowed

based on some explicit aspects .

Therefore, the Courant number has to be limited to be less than one. Generally, it is common
practice to start with a Courant number at the start of the beginning, which is increased during

the run-time to some case depended value. The stability criterion is defined as:

UA¢t
= . 11.
Co As (11.3)

The Courant number depends on the local cell velocity U, the time-step At, and the distance
between the cell centers Az. In OpenFOAM®, the calculation is based on the cell volume rather
than the distance Az.

scalar CoNum = 0.0;
scalar meanCoNum = 0.0;
{
scalarField sumPhi
(
fvc::surfaceSum(mag(phi)) () .primitiveField ()
)3
CoNum = 0.5*gMax (sumPhi/mesh.V().field())*runTime.deltaTValue ();
meanCoNum =
0.5*(gSum (sumPhi)/gSum(mesh.V().field()))*runTime.deltaTValue () ;
}

Info<< "Courant Number mean: " << meanCoNum
<< "/ max:_ " << CoNum << endl;

Listing 11.2: Courant number calculation coded in the CourantNo.H file
Based on formula (11.3), we can derive the following aspects:
e The higher the local cell velocity U, the larger the Courant number,
e The larger the time step At, the larger the Courant number,

e The smaller the cell volume AV, the larger the Courant number.
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The central aspect here is, that if we refine the mesh, increase the velocity or the time-step, the
Courant number will increase. To fulfill the criterion given in equation (11.3), the time-step has
to be adjusted based on the mesh size and the velocity.

Note: The Courant number criterion has to be fulfilled for each numerical cell. Hence, any

bad cell can limit the whole simulation.
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11.3 The PIMPLE algorithm in OpenFOAM®

The PIMPLE algorithm is one of the most used ones if we have transient problems because it
combines the PISO and SIMPLE (SIMPLEC) one. The advantage is that we can use Courant numbers
larger than one (Co >> 1), and thus, the time-step can be increased drastically.

The principal of the algorithm is as follows. Within a single time-step, a steady-state solution
is searched while an under-relaxation strategy is applied. After the solution is found, we go to the
next time-step. For this, we need the so-called outer correction loops, to ensure that all explicit
parts of the equations are converged. After a user-defined tolerance criterion is reached — within
the steady-state calculation — the outer correction loop is left, and we move on in time. This is
done until the simulation end time is reached.

Note: The PIMPLE algorithm in OpenFOAM® can also work in PISO mode, if we set the
nOuterCorrectors to one. Setting the value to zero ignores the whole pimple loop, and hence, no
calculation is performed. This can be checked if we start any PIMPLE solver. The output should

be as follow:

Create mesh for time = O

PIMPLE: Operating solver in PISO mode

Listing 11.3: The output of the pimple algorithm

11.4 The correct usage of the PIMPLE algorithm

The usage of the PIMPLE algorithm is explained and discussed in the next pages. First of all,
the settings that can be set for controlling the algorithm has to be written into the fvSolution

dictionary. Here, we need to define the algorithm control dictionary named PIMPLE.

PIMPLE
{

//- Settings that we can made
1

Listing 11.4: The control dictionary within the fvSolution file

The keyword has to be added to the fvSolution file. Otherwise, the solver will throw out an
error. Nevertheless, it is sufficient to create an empty dictionary because OpenFOAM® uses
default values based on the constructor of the class pimpleControl. Since OpenFOAM® 5, and
the implementation of the chtMultiRegionFoam residual control, the classes were restructured.
Thus, new classes were introduced. While starting a PIMPLE based solver, the constructor for the

pimpleControl class is called.

J// * * * * ¥ ¥ ¥ %k * % % ¥ ¥ * * % Comstructors ¥ Kk K Kk Kk ¥ Kk ¥ ¥ * * * ¥ x [/

Foam::pimpleControl::pimpleControl (fvMesh& mesh, const word& algorithmName)

39

40
41

pimpleNoLoopControl (mesh, algorithmName, *this),
pimpleLoop (static_cast<solutionControl&>(*this))

Listing 11.5: The constructor of the pimpleControl class
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The constructor of the pimpleControl class calls two further constructors. The first one is the
constructor of the pimpleNoLoopControl and the second one of the pimpleLoop class. Within the

pimpleNoLoopControl, the constructor is as follows:

J// * k x ¥ %k x % * x * * % * *x % * Comstructors K Kk K Kk Kk K Kk Kk X x * x *x *x [/

Foam::pimpleNoLoopControl::pimpleNoLoopControl
(

fvMesh& mesh,

const word& algorithmName,

const pimpleLoop& loop

pisoControl (mesh, algorithmName),
singleRegionConvergenceControl
(

static_cast<singleRegionSolutionControl&>(*this)
) s

singleRegionCorrectorConvergenceControl

https://holzmann-cfd.de
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After the pisoControl constructor was called, the singleRegionConvergenceControl is called.
Here, steady-state convergence control data are read from the fvSolution file. The corresponding
entry is named residualControl.

Subsequently, the singleRegionCorrectorConvergenceControl class constructor is called.
This class stores the residual control data related to the outer correction loops. The class checks
the availability of the keyword outerCorrectorResidualControl inside the fvSolution file and

stores the given data.

bool Foam::pisoControl::read ()

{
if (!fluidSolutionControl::read())
{
return false;
}
const dictionary& solutionDict = dict();

https://holzmann-cfd.de
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At the end of the pimpleNoLoopControl constructor, the class function read() is called. In
the function, the simpleRho and tubOnFinalIterOnly keywords are looked-up in the PIMPLE
dictionary and set accordingly.

Following, the actual object (*this) which already stores a solution control section, is casted
to the pimpleLoop constructor. After that, the initialization is finished and the read() function
of the pimpleControl class is called. Within this function the nCorrPimple_ variable is reset with
the search value named nOuterCorrectors.

Finally, some output information is printed, and the user gets information about the algorithm

mode that is activated. The following possible modes can be achieved using the PIMPLE algorithm:

e nluterCorrectors =1

— SIMPLE

— PISO

e nOuterCorrectors > 1

https://holzmann-cfd.de
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After analyzing the code, it is obvious that the pimpleControl object stores the following

information:

e Information about the amount of PISO iterations (nCorrectors) ,
e Information about the amount of PIMPLE iterations (nOuterCorrectors) ,

e Information if the turbulence properties are updated in each outer iteration or only at the

last one ,

e Information about the convergence criterion for the steady-state solution (stopping the
solver) and the transient solution (stopping the steady-state calculation within one time-

step) .

It is worth to mention that the pisoControl inherits the fluidSolutionControl class which in-
herits the nonOrthogonalSolutionControl. The fluidSolutionControl class stores information

about the setting for the:

e momentumPredictor ,

Solve the momentum equation; default — true

e frozenFlow |,

Only solve the energy equation — used in the chtMultiRegionFoam solver ; default — false

e transonic ,

Change the pressure calculation for transonic behaviors; default — false

e consistent ,

Use the SIMPLEC algorithm rather than the SIMPLE one; default — false

while the nonOrthogonalSolutionControl further stores the information about the number of
non-orthogonal correction loops. The non-orthogonal correction loop is used to converge the
explicit added non-orthogonal correction term. It is important for high non-orthogonal meshes.

For the further analysis, we investigate into a simple non-steady test case while the key-idea
of the PIMPLE algorithm is illustrated.

11.4.1 The test case

In order to demonstrate the influence of different parameters that control the PIMPLE algorithm
within the fvSolution file, a simple 2D transient pipe flow will be considered. It is worth to
mention that this case is not suited best for describing the PIMPLE algorithm. The advantages of
the PIMPLE method come with complex geometries. Thus, the test case is just a demonstration.

The pipe geometry suddenly reduces its cross-section to accelerate the fluid in order to create
some vortex shedding behavior. This creates an unstable flow that has to be handled by the
algorithm. Compare figure (11.1).

The kinematic viscosity v is set to le”® and the extrusion of the 2D mesh in z-direction is
equal to 0.01m. The analysis was performed using OpenFOAM® 7 x.

For own investigations, the test case is provided at https://Holzmann-cfd.de/ in the Free

Material section named Pimple Investigations.
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Az = 0.45m

Az = 0.05m Az = 0.2m

noSlip noSlip
Ay = 0.025m

U=047
Ay =0.1m inlet ——— outlet
Ay = 0.05m
noSlip noSlip

Figure 11.1: The 2D pipe flow domain for the analyze of the PIMPLE algorithm.

Another example and further explanation about the equations that are solved can be found
in Holzmann [2014]. Furthermore, a detailed introduction into the method and how the pressure-
momentum coupling is constructed in OpenFOAM® is presented in Moukalled et al. [2015].

The momentum-pressure coupling equations are not derived in the green version of the book.

11.4.2 First considerations

In the following, we are using the domain indicated above using the boundary conditions to
demonstrate the usage of the PIMPLE algorithm. In the beginning, some necessary investigations
into the problem are done to get more familiar with the numerical analysis.

By using the continuity equation, the maximum time-step for the simulation can be estimated.
The area at the inlet is given as A = 0.1 m - 0.01 m = 0.001 m?. Therefore, we get a volumetric
fluxof g =U-A =04 7 -0.001 m? = 0.0004 %3 This flux has to pass the small cross section
in the middle of the domain and thus, the velocity has to increase, while the pressure will drop
(Bernoulli). The cross section area is given as Across = 0.025 m-0.01 m = 0.00025 m?2. Hence, the
velocity in the cross section increases to around Ucross = 1.6 % Based on the fact that the flow will
be contracted in the cross section, the velocity will further increase. Considering the maximum
velocity to be around 1.8 7, the resulting time-step, while using a cell distance of Az = 0.002 m,

can be evaluated by using equation (11.3):

At < 1'?5# =0.00111 s .

The generated mesh is a pure hexahedral mesh, and thus, no orthogonal correction scheme has
to be applied in the fvSchemes file.

First, we will use the pisoFoam solver and the previously calculated time-step. After that,
we will use the pimpleFoam solver and apply all keywords subsequently in order to illustrate its
functionality and influence to the solution.

To make the investigation more sophisticated, we use the Gauss linear discretization scheme

for the convective scheme. This scheme tends to produce non-physical results if the stability
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criterion is not satisfied or the mesh quality is pure.

For each numerical analysis, the residuals for the pressure and velocities are plotted against the
time. Furthermore, the velocity profile is shown always at the simulation end time (1 s). However,
if the simulation will crash, the results before the floating-point exception will be shown. The

scaling for the velocity plot is set to min/max: 0 ms™'/1.2 ms™'.

11.4.3 Using the PISO algorithm

The analysis with the PIS0 algorithm is used as reference. As previously mentioned, the pisoFoam
solver is used here. Furthermore, no turbulence model is used which lead to natural vortexes,
and thus, lead to a high transient flow character. This will make the system more stiff and, from
a numerical point of view, harder to converge. Lastly, based on the transient behavior, some
interesting numerical phenomena are visible during the PIMPLE algorithm analysis.

After the calculation finishes, the simulation results that are shown in figure 11.2 and 11.3 can
be generated. As already mentioned, a fixed time-step is used. Therefore, as the velocity changes

during the simulation, the Courant number will change too, cf. ( ).

https://holzmann-cfd.de
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Figure 11.3: Velocity contours for the pisoFoam solver at ¢t = 1.4 s; fixed time-step At = 0.001 s.

numerical instabilities in that region. Therefore, the PIS0 algorithm is close to the instability

border; mainly related to the Gauss linear scheme.

https://holzmann-cfd.de
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11.4.4 The PIMPLE algorithm set-up to work in PISO mode

Using the existing case while changing the fvSolution file to enable the usage of the pimpleFoam
solver in PISO mode, lead to identical numerical results.

For the calculation, the PIMPLE dictionary inside the fvSolution file is kept empty. Hence,
the application control uses the default values, and thus, the pimpleFoam solver operates in PISO
mode and is equal to the pisoFoam solver. The numerical results are presented in figure 11.4 and

11.5.

PIMPLE algorithm

1.00000
p

Ux
Uy
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11.4.5 PIMPLE algorithm set-up to work in PISO mode with large At

The next investigation is similar to the previous one but now we increase the time-step to At =
0.025 s. While increasing the time-step, the end time of the simulation is within fewer time
iterations. However, subsequently, the Courant number has to increase too, based on equation
(11.3), and hence, the simulation should crash, if the stability is not satisfied anymore.

Running the case with the pimpleFoam, that is running in PISO mode while increasing the
time-step, the algorithm crashes with a floating point exception after 1.175 s.

The residual plot illustrates that after the simulation time of 0.9 s is reached, the residuals
of each quantity blow-up. The analysis of the flow results in critical velocities and numerical
instabilities; cf. figure 11.6.

The velocity contours show high-velocity spots at the outlet and close to the upper wall.
Furthermore, numerical problems occur additionally after the reduced cross-section at the upper

and lower corner.

https://holzmann-cfd.de
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Figure 11.7: Velocity contours of the PIMPLE algorithm working in PISO mode at 1.125 s using an
increased time-step At = 0.025 s.

Furthermore, figure shows the time-step of the numerical instability initialization. The
S 0

velocities increase until OpenFOAM® shows the nan value (total gray areas). Within the next two

https://holzmann-cfd.de
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11.4.6 The PIMPLE algorithm modified (adding outer corrections)

Up to now, the PIMPLE algorithm was used in PISO mode. Now the merged PISO-SIMPLE method
is set-up step by step. Thus, the appropriate keywords inside the PIMPLE dictionary have to be

adjusted and set. In the following investigation, the following dictionary set-up is used.

PIMPLE

{
// Outer Loops (Pressure-Momentum Correction)
nOuterCorrectors 5F

}

Listing 11.11: The control dictionary within the fvSolution file

The nOuterCorrectors will set the nCorrPIMPLE_ variable to five and hence, the algorithm makes
five (pressure-momentum correction loop). The outer correction includes re-building the velocity
matrix with the new flux field, correct the pressure with the new velocity matrix and correct the
fluxes based on the new pressure data. Finally, we correct the velocities and repeat the above

steps until five outer corrections were performed. In order to get instabilities in that case. we have

https://holzmann-cfd.de
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(&

Figure 11.9: Velocity contours of the PIMPLE algorithm and nOuterCorrectors = 5.

SIMPLE method. Moreover, it is known that the SIMPLE algorithm is not stable (in most situations)
without under-relaxation. The outer corrector loops can be considered as a SIMPLE loop, and thus,
without under-relaxation, the procedure can get unstable; the outer correctors may accelerate the

divergence of a solution. It is worth to mention that the solution between 1 s and 1.6 s seems

https://holzmann-cfd.de
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However, it is worth to mention that we are not operating in a pure SIMPLE algorithm as the
time derivative is included, which acts as a limiter which stabilizes the whole solution procedure.
As one can see, within one time-step, five SIMPLE iteration steps are performed. If one combines

the highest peaks of the residual using a line, the result would be figure 11.8.

https://holzmann-cfd.de
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11.4.7 The PIMPLE algorithm with further modifications (adding inner correc-

tions)

It is common practice to recalculate the pressure with the newly updated fluxes while keeping the
old momentum matrix. The pressure correction is known as the PISO correction. The pressure
loop might help to stabilize the algorithm (if more than one iteration is done) as under-relaxation
is performed to the pressure field (except for the last iteration). To activate the pressure correction
loop, the nCorrectors keyword has to be set. The following PIMPLE dictionary is used for the

subsequent analysis.

PIMPLE
{
// Outer Loops (Pressure-Momentum Correction)

nOuterCorrectors 53

// Inner Loops (Pressure Correction)

nCorrectors 2;

https://holzmann-cfd.de


https://holzmann-cfd.de

114 The numerical algorithms: SIMPLE, PISO and PIMPLE

consists of 5 outer loops. The residual log-scale was removed to show that the residuals of the
velocities are close to 1.

It can be observed that within the first time-step, the solution tends already to diverge. This
trend is continued within the second time-step until the solver crashes in the third time-step
evaluation. The velocity profile is not presented here, as the velocity quantity values are already
within a range of 1e24 ms~'. Thus, the plot is just white.

A further increase in the number of performed outer loops would speed-up the divergence of
the solution. This is related to the fact that within the first time-step, the solution tends already
to diverge. Therefore, applying more outer iterations will destabilize the solution as it increases
the calculation of the wrong solution.

Up to now, it seems that the PIMPLE algorithm only offers disadvantages. The reason for that
is based on the wrong usage of the method until now. The first step for the correct usage of the

algorithm is discussed in the next section.

11.4.8 The PIMPLE algorithm with under-relaxation

https://holzmann-cfd.de


https://holzmann-cfd.de

11.4. THE CORRECT USAGE OF THE PIMPLE ALGORITHM 115

In the code snipped, one can see that two relaxation factors are set. The first one is used for all
outer iterations. The relaxation factors marked with Final is applied for the last outer correction
loop.

There are many discussions about the correct value of the Final relaxation factor. Here, the
question arises if we are allowed to under-relax the final inner/outer loop iteration. Fact is: If we
under-relax the final inner/outer loop, we might lose some information, and we are not consistent.
However, if the linear system of equations reaches already a small tolerance criterion, an under-
relaxation of the final loop can be performed without problems.

It is worth to mention, that OpenFOAM® has the following behavior:

e If no relaxation factor is set, the default value of one is used for all outer/inner iterations.

e If only the relaxation factor for p and/or U is specified without setting the Final one explic-

itly, the final relaxation factors are set to one.

Starting the numerical analysis using the relaxation factors given in the code snippet above, lead

to the results shown in figure . and
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PIMPLE algorithm
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e Using a Final relaxation factor smaller than one

If the flow pattern is highly transient, large Courant number can also lead to wrong solutions as
important and essential transient information might be ignored (not resolved within the time-step),
which influences the flow pattern significantly.

In the presented case, it is related to the last mentioned hypothesis. Based on the large
time-step, the natural vortexes are not resolved which lead to a different flow pattern.

If the current case is modified to restrict the maximum Courant number to Co = 5, the
result presented in figure 11.15 is achieved. The new calculation is now comparable to the PISO

calculation; cf. figure 11.3.
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11.4.9 The PIMPLE algorithm speed-up

During the latest investigations, the numerical effort increased drastically. While performing
100 outer correctors is not sufficient, especially if the reached tolerance is already to accurate, the
algorithm should stop performing the outer iterations after a defined tolerance criterion is reached.
Thus, while using the PIMPLE algorithm in PIMPLE mode, the residual control set-up is essential to
limit the computational costs.

While setting a residual control for the outer corrections, OpenFOAM® will check the initial
residuals of each quantity that is specified inside the residual control. After all, quantities fulfill
the residual control, the outer loop will be stopped, and the new time-step calculation starts. This
approach reduces the calculation time massively while ensuring the accuracy set by the user.

The next listing shows the correct usage of the PIMPLE algorithm. Of course, one can also add

other switches that control the algorithm, such as the momentumPredictor or consistent.

1 PIMPLE
2 {

// Outer Loops (Pressure-Momentum Correction)
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The new numerical data are presented in the next figures. It is worth to mention that the
Courant number is kept to be lower than Co < 4. Comparing the computational costs from the

prior calculation (without residual control) to the latest one it follows:
e Calculation time without residual control — 714 s ,
e (Calculation time with residual control — 225 s .

It is obvious that using the residual control reduces the numerical costs. The residual plot is

presented in figure 11.16.

PIMPLE algorithm

Ux
Uy
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The influence of the residual control cannot be analyzed within the typical residual plot. There-
fore, the inner and outer corrections are presented for the first time steps. The main difference
here is that we do not perform all 100 outer loops per time-step anymore. As figure 11.18 illus-
trates, after 100 outer loops, already eight time-steps were calculated. Analyzing the plots in more
detail (especially the pressure), it seems that the PIMPLE algorithm does not stop at le 2 for the
pressure. This is related to the principal how OpenFOAM® stops the outer loop.

OpenFOAM® analysis the initial residual of the field. If all fields fulfill the residual control,
the Final outer loop is performed using the Final relaxation factors. Therefore, even though the

fields satisfy the residual control, a further outer loop is performed.

PIMPLE algorithm

Inner Correction Loops
1.000000 ‘ | | |

Ux
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11.4.10 The PIMPLE algorithm conclusion

As demonstrated in the prior sections, the PIMPLE algorithm can be used to increase the time-step
and go beyond the stability criterion Co < 1. It was presented and discussed how the algorithm
should be used and which advantages it offers.

For simple cases and flow pattern, the PIMPLE method does not provide too many advantages.
For more complex geometries, skewed, non-orthogonal meshes that include different kinds of cells
and intricate flow patterns or if one has to solve stiff systems, the PIMPLE algorithm provides more
advantages (compared to the PISO algorithm), and can stabilize the simulation.

In advance, the PIMPLE algorithm has to be applied correctly, and the time-step cannot be set
individually large. For the numerical investigation one should know the time-scale of the problem.
However, commonly the PIMPLE algorithm is used by limiting the Courant number while adopting
the time-step automatically.

Furthermore, different algorithm settings lead to different solutions, if the numerics are not
considered probably, e.g. setting the Courant number to 30.

Additionally, one should keep in mind that OpenFOAM® is continuously updated. Therefore,
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Chapter 12

The relaxation methods

Relaxation methods are used for steady-state simulations or if one uses a large time-step and the
PIMPLE algorithm. The problem in such cases is that the solution might be not stable because
the quantities change to much. E.g. we do not take care about numerical limits like the Courant
number. To stabilize or even get a solution, we need to use relaxation methods. There are two

different ways to do that known as field relaxation and matrix relaxation.
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the matrix, each row has to be at least diagonal equal and one of the rows has to be diagonal

dominant. What does that mean?

e Diagonal equality is given if the diagonal element is equal to the sum of the magnitude of

the off-diagonals,

e Diagonal dominant is given if the diagonal element is larger than the sum of the magnitude

of the neighbor elements.

The main difference between matrix and field relaxation is based on the fact that we do not cut
off too much information, if ever - it is based on the method of how we relax.

Relaxing the matrix means to make it more diagonal dominant, and therefore, the linear solvers
are happier and will find the solution easier and faster. However, there are some things that we
have to keep in mind.

Relaxing the matrix means actually to divide all diagonal elements by the relaxation factor a.
Based on the fact that « is between 0 < o < 1, the diagonal elements increase its value. If we
would only change the values of the diagonal elements, the whole procedure is not consistent. To

be consistent, we have to add the changes to the source vector b in order to keep consistency. The
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Chapter 13

OpenFOAM® tutorials

For those who want to learn OpenFOAM® and search for special tutorials, you can checkout
https://Holzmann-cfd.de. The site offers a wide range of free material related to the following

topics:
e Meshing with snappyHexMesh,
e Solving and meshing (different scenarios),
e Using the dynamic mesh library,
e Setting up boundary conditions for AMI and ACMI,
e Generating own boundary conditions using the codedFixedValue,
e Coupling DAKOTA® with OpenFOAM®,
e Coupling OpenFOAM® with Blender®,

e Summary of different voluntary projects.

Furthermore, you can find different libraries and publications.

For OpenFOAM® beginners

If you are not familiar with OpenFOAM®, it is recommended to check the following website,
wiki.openfoam.com. Here, one finds a new wiki page that shares a lot of information. The work is
based on voluntary OpenFOAM® experts listed in the contributers list. It is highly recommended
to check the three weeks series in which you will learn a lot of OpenFOAM® and CFD related
stuff. Furthermore, the User-Guide of OpenFOAM® should be read.
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Chapter 14

Appendix

14.1 The Incompressible Reynolds-Stress-Equation

The derivation of the Reynolds-Stress tensor is structured as follows:

e The derivation of the time derivative is shown completely for all terms ,
e The derivation of the convective derivative is shown completely for term a) ,
e The derivation of the shear-rate derivative is shown completely for term a) ,

e The derivation of the pressure term is shown completely for all terms .

The derivation is given in all details to demonstrate how we get to the equation. Furthermore, we
will be able to understand the terms and the reason why we have to add terms in order to apply
the product rule.

Recall: In section 9.8 we introduced the way how we will use the momentum equation in
order to build the Reynolds-Stress equation. Therefore, we multiplied the momentum equation
with respect to the different fluctuations and set the sum of all terms to zero. Here, we introduced
the Navier-Stokes operator A/. Finally, we build the equation that has to be evaluated which is

given for completeness again:

W N (T + uly) + wyN (0 + ul) +upN (dy + uf) + N (Gz + ul)
a) b)

+ul N (z + ul) + uyN(ay + up) + wyN (e + uy) + N (G + ul)

<) d)

+ul N (ty + uly) + wN (e + ulfy) + ufyN (G 4 ul) + ulN (dy + uj)

°) £)
+ulN (e + uly) + ubN (G +ul) + wlN (Gy + u)y) + upN (e + uly)

g) h)

+ulN (G- + ul) + up, N (Gy +upy) =0

i)

Furthermore, we introduced the rules and tricks we are using during the derivation procedure:
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e Reynolds time-averaged terms that are linear in the fluctuation are zero ,

. . ul;
e The derivative BZ? =0,
i

e Product rule (1.2)
e Adding and subtracting terms to be able to use the product rule; g(z) = g(z) + f(z) — f(x) .
With that information, we will now demonstrate the derivation of the Reynolds-Stress equation

in the order given above.

The Time Derivative

)

(T + 11, (- +
ulp (@ aJtru )+u@p (@ + u?)
= oul, > ! oul, ou/,
:u//p%+u/ ot T e TPy T kb Ty - (14D)
b)
u;pa(ﬂﬁ%) +u’pa(_ +u/)
ot
ou), ou’
;WJF e G =T T (142)
c)
o(u / O(tuy + u!
u;p (Uza'l‘uz) +u;p ( Y y)
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ou’. ou! ou ou!
— oyl L / z 120 / Y / Y . 14.3
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T
ou’ ou’, ! ou’,
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g)
Otz + uly) otz + ul)
/ x / z
ou/, ou’, ou/, ou’,
= atz+u 8t //6; tuLp atz = uLp atx+u/“p ot (14.7)
h)
Ty + ul) A ag + ul)
/ Yy / z x
uzp ot +uzp ot
f ou’ ou’ ou’ /
— w2 )T P 0% O Oy g
ot tuzp a +uap T TR T (14.8)
i)
Otz + ul) O(uy +uf)
’ z ’ Y
ou’, ou! ou’, ou!
= TPy T UG ket = uip ;t“r“é”p 5 (149)
Sorting the terms,
ou!, ou! Y Y o’ ou’,
P 8tz +uep 8tz+ ot C e ot ;e atz tuip atz
, Ouy oul, , Oul , Oul 8u Ouy,
Er R L e e T e T ot
, ’ Ouy, Y ou’, , Oul , oul
Fuyp T U gt et Ul et ulp Tt ubpg
and using the product rule, we end up with:
g
oul ul, Ouyuy ulu, Ouguy, ulul,
oo P PTar TPTar TPa
n Ouyul, +p6ufyu;, Ouluy pau’zug
ot ot ot ot

The above expression can be written in one single term by using the Einsteins summation con-

vention:

Ol _ Ipufuy
ot ot

(14.10)




130 Appendix

The Convective Term

First we will focus on the convective term of part a)

0
(uz+uz)+p(uy+uy) , (B ) +p(Es +ul)
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0 0
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0
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+ u! pu! auz+u pul au’ + uy pikz ﬂz—i-u’pﬂzgu’ +u’pu’2ﬂz+u’pu’gu’
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9z ° af 0z Oz or * vP * Ox 0]
7 8 9 10 11 12
, 17} 1o} 0 17} 0 9
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13 14 15 16 17 18

The same procedure can be done with the terms marked as b) to i). Hence, we will end up always
with the last line of equation (14.11) result with respect to the used quantities. Thus, we end up
with:
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Analyzing the sum of terms, we figure out that there are different kind of terms:
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e Terms that only include the fluctuation quantities ,
e Terms that include the mean quantity inside the derivation ,

e Terms that include the mean quantity outside the derivation .

Lets consider the terms that contains the fluctuation quantities for now:
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We get 54 terms that can be combined using the product rule. One example would be:

0 0 0 0
S—upuLul, = pulul s—uy + pulul ——ul + puiul —ul . (14.12)

P ox ox ox ox

In other words, three terms can be combined to one term. Applying the product rule to the terms,
we will realize that not all terms can be combined. Therefore we have to add 27 terms of the

following kind:

puiu; U =0 . (14.13)
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After adding these terms we end up with 81 terms that can be reduced to 27. Finally we get:
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P oz dy
Now it is obvious that we can rewrite this equation using the Einsteins summation convention. In
addition, we will put the density inside the derivative due to the fact that it is constant. After
applying the Reynolds time-averaging, we end up with the convective term as:

(14.14)
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Now, we will consider all terms that contain the mean quantity inside the derivative:

135

ad
u’ pu! Ug + Ul pu Ug + Ul pul, — Uy + ul pul, U, + ul pu! Uz + ul pul,
b g T + Uy Tl U Pl Tl ol 5T o) T+ T
————r \_v_z
2 5 8 11 14 17
o] 4]
Ul PUG 7 Uy + UL PUY Uy + UL PUL == Uy + UY UL 7 Uz + Uy PUY Uz + Uy pU, Uz
Oz Y 9y 0z Ox dy 0z
————
20 23 26 29 39 35
Uy 4 1 Ut Ty ety
Ox Y oy Oz YU o YUY 9y YT 9z
Vv N—— N——
38 a1 44 47 50 53
8
ul pul, — g + ) pul, — Uy + ul pul, —uy + vl pul, —u, + u u — Uy +ulpul
yP L yPUy Y By yP *9, zP 5 2P Y 5y 2P 8
\—,_/
56 59 62 65 T 71
0 0 d ad
Uy PUL Uy + Uy pUy — Uy + Uy pus Uy + Ul puly — Uz + Ul puy Uz + ulpul, — Uz
or - oy - 0z ° ox dy 0z
—_— —— _,_/
74 77 80 83 86 89
uh u’iquuu — Uy + ul pul, Uz + ul, pul, u+uuau+uu6
yP e Y Y Dy z yP 25, "= 2P © gy Y Lp ry y Lp *5,
\W_/ \W_/
92 95 98 101 104 107
1o}

U, U 7~ Uz + UL pUY Uz + UL PUL Uy + UL pUL 5~ Uz + UL PUY 7~ Uz +ULPUL U
P Be Py PY= 52 Pl Be P 5y P52
_z—’ _/_/

110 113 116 119 122 125
ul, pu, ﬁﬂ + ul, pu gﬁ + u, pu’ ﬁﬂ + ul pu, iﬂ + ul pu, 212 + ulpul, —1u
z Iamy z yayy z zazy x zaxr T yay’c x zazm
N——— N——r
128 131 134 137 140 143
, , 0 Is] , 0 , 1o} 1o} , 8
uzpugcauz—|—uzpuy8 U, + ul pul, 92 uz—l—quuxa uy—i—ugc,ouy(9 Uy + Ul pul, 8

*’ ﬁf—“
146 149 152 155 158 161

Again, we end up with 54 terms. This terms can be sorted and rearranged into twice 27 terms.

Doing so, we will see that we can simplify the first 27 terms using the Einsteins summation

convention to:

and the second 27 terms could be written as:

putad, =0,
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= pulu] iﬂ
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pu; uy, i Us
Oz

YU

— a2
P * Oz

Us;

(14.15)

(14.16)

Note: If you want to check if everything is fine with the above equation, just build the sum of

the two last equations and you will see that you get the 52 terms.

Finally we have to consider all terms that contain the mean of the quantities outside of the
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To simplify these terms, we use the product rule (1.2) to combine two terms to one. An example

would be:
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/
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0z

(14.17)

After combining the terms, we can rewrite the sum by using the Einsteins summation convention

because the derivatives are always with respect to the mean quantities. Hence, we end up with 27

terms that can be expressed as:

0
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(14.18)

Now, the convective term is manipulated and derived. Combining all terms, we end up with:

dpuiu’; g
Oxy

Uk

+

Usg

ka

+ puluj, kD

ou
74_7

0

Dy P

(14.19)



14.1. THE INCOMPRESSIBLE REYNOLDS-STRESS-EQUATION 137

The Shear-Rate Term
a)

x
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For the parts b) to i) we will just write the final terms:
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After the manipulation we find 102 terms. Again we want to put the fluctuation terms together,

hence we need the product rule. Analyzing the sum, we can figure out that there is no way to
apply the product rule. The trick is simply to add the missing 204 terms. One example is given
now. Taking the term (*) of f) and (**) of h), we get:
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This two terms cannot be merged, hence we need two terms in addition:
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Now we are able to combine term 1 — 2 and 4 — 5 using the product rule. Furthermore term 3 and

6 are similar and can be combined too:

J , oul, J , ouy, oul, Ouy
T 9z (,u Ox ) T o (,u Oz ) 2 dr oz (14.22)

7 8

Now we see that the term 7 and 8 can be combined using the product rule again. Finally we end

0 Oujyul, Oul, Ouyy
—%@ o )+2 e A (14.23)

up with:

Repeating this procedure for all terms, we will reduce the already existing 102 terms of a) to i) to

54. At the end we would realize that we can rewrite the sum of the 54 terms as:
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= ( e ) = (u it (14.24)

The new introduced terms (due to the trick), can be expressed as:

= 14.25
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Summing up, the shear-rate terms can be written as:
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The pressure derivative
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Summing up and sorting:
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leads to the following expression:
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Finally we use the product rule,
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to get the final form. By using the Kronecker delta function (due to the fact that the pressure is
only in the main diagonal of a matrix), we get:
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Now the derivation of the Reynolds-Stress equation is done. Putting all terms together, we can

write the Reynolds-stress equation in the following form:

opu'-u' dpulu; oulu’;
pjz+ﬂkpzj+puukau 0 O - P ( ”>

ot dzr Koz | Ozk zn \ P oz
8’LL |:8u 8u’v
topat I i

+

8 N
or; | o ] + G (PG00 V] =0 (1442
J 7



14.1. THE INCOMPRESSIBLE REYNOLDS-STRESS-EQUATION

141

Applying the definition of the Reynolds-Stress tensor (9.40), re-order the terms and multiply the

whole equation by —1, we end up with the following form; recall: In almost all literatures we find

the definition of the Reynolds-Stress tensor denoted by 7. In addition we use the relation between

the kinematic and dynamic viscosity: u = vp. Hence, we get:
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Finally, we can write the common Reynolds-Stress equation:
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